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Entangled histories vs. MTS - quantum statistics
The composite system is pre-selected at time t1:
HS ⊗HA 3 |Ψ〉 = λ0|Ψ00〉+ λ1|Ψ11〉
and post-selected at time t2:
|Φ〉 = β0|Φ00〉+ β1|Φ11〉 that leads to the entangled history
|HSA) = [Φ]� [Ψ] and to the corresponding two-time state:
|ΨSA〉〉 = 〈Φ||Ψ〉.
A measurement performed only on the system S:

P(A = an) =

= |(λ∗0〈Φ00|+ λ∗1〈Φ11|)[U2 ⊗ IA][PN ⊗ IA][U1 ⊗ IA]x
x(β0|Ψ00〉+ β1|Ψ11〉)|2

= |λ∗0β0〈Φ0|U2PnU1|Ψ0〉+ λ∗1β1〈Φ1|U2PnU1|Ψ1〉|2

(1)

exhibits a destructive interference for the ancillary system’s
orthogonal states at times t2 and t1.

E. Cohen, M. Nowakowski, Phys. Rev. D 97, 088501.
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Quantum entanglement in time

Intrinsically consistent history on times
{t3, t2, t1, t0}:

|Λ) = α([ϕ3,1]�It2�[ϕ1,1]+[ϕ3,2]�It2�[ϕ1,2])�[ϕ0]

After tracing out the time t2:

|Λ1) = α̃([ϕ3,1]� [ϕ1,1] + [ϕ3,2]� [ϕ1,2])

displays entanglement in time apparently.
The history |τGHZ )-like state |Ψ) :

|Ψ) = γ([ϕ3,1]�[ϕ2,1]�[ϕ1,1]+[ϕ3,2]�[ϕ2,2]�[ϕ1,2])

One can analyze the interferometer

via four-times histories on times

t0 < t1 < t2 < t3:

|ϕ0〉 → 1√
2
(|ϕ1,1〉 + |ϕ1,2〉) →

1√
2
(|ϕ2,1〉 + |ϕ2,2〉) →

1√
2
(|ϕ3,1〉 + |ϕ3,2〉).
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Generating quantum entanglement in time

One projects the reference system onto 1√
2

(|000〉 − |111〉), i.e. the
external observer correlates with an arbitrary history branch.
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Entangled histories from global separable histories?
Can we derive quantum entanglement in time from the following
history not breaking the concept of monogamy of entanglement and
the general rules of contracting tensored spaces of quantum states?

|HSA) = γ[|Φ〉〈Φ|]� [PN ⊗ IA]� [|Ψ〉〈Ψ|]

with bridging operators B(t2, t) = U2 ⊗ IA and B(t , t1) = U1 ⊗ IA.
Components of the history of this type
|hSA) = [|Φ11〉〈Φ11|]� [PN ⊗ IA]� [|Ψ00〉〈Ψ00|] cannot be realized
(a zero-weight history Pr(|hSA)) = 0).
Naive spatial tracing out of A leads to:
|hS) = [|Φ1〉〈Φ1|]� [PN ]� [|Ψ0〉〈Ψ0|]

A correct reduced entangled history:
|HS) = γ[|Φ0〉〈Φ0|]� [PN ]� [|Ψ0〉〈Ψ0|] + γ[|Φ1〉〈Φ1|]� [PN ]� [|Ψ1〉〈Ψ1|]
M. Nowakowski, E. Cohen, P. Horodecki, Phys. Rev. A 98, 032312 (2018).

M. Nowakowski, External vs. internal observer of the realized paths, In preparation.
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Entangled histories vs. MTS
...is there any isomorphism?

For the TSVF, a scalar product of a pair of vectors |Ψ〉〉 and |Φ〉〉 in a
spaceM = H†t2 ⊗Ht1 with a basis B = {〈φ2

i ||φ1
j 〉} is:

〈〈Φ|Ψ〉〉 =
∑
ijkl

αijα
∗
kl〈φ2

i |φ2
k 〉〈φ1

l |φ1
j 〉 =

∑
ijkl

αijα
∗
klδikδjl

A scalar product of a pair of history states |Ψ) and |Φ) can be:

(Φ|Ψ)s ≡ Tr [|Φ)†|Ψ)]

An inner semi-definite product (which is not a scalar product) for history
vectors |Ψ) and |Φ):

(Φ|Ψ)K = Tr [K †(|Φ))K (|Ψ))]

In general 〈〈Φ|Ψ〉〉 6= (Φ|Ψ)K . A spaceM of multi-time state vectors
equipped with a scalar product 〈〈·|·〉〉 is isomorphic to a space E of
entangled histories equipped with a scalar product (·|·)s.

M. Nowakowski et al., Phys. Rev. A 98, 032312 (2018).
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Superdensity formalism and what else?
We can define unnormalized superdensity operator:
ρ[O1,O†2] =∑

α1,α2,β1,β2
Cα1β1C∗α2β2

tr(〈ψβ1|U2O1U1|ψα1〉〈ψα1|U†1O
†
2U†2|ψβ2〉)

Diagrammatic representation of the unnormalized super-density operator corresponding to a
two-state vector, U1 = U(t1; t) and U2 = U(t ; t2).

J. Cotler, F. Wilczek, Phys. Scripta T168, 014004 (2016).
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Monogamy of quantum entanglement in time?

Tsirelson’s bound hold for quantum temporal correlations.
For any history density matrix W and Hermitian history dichotomic
observables Ai = I � A(1)

i and Bj = B(2)
j � I where i , j ∈ {1,2} the

following bound holds:

SLGI = c11 + c12 + c21 − c22

= Tr((A1B1 + A1B2 + A2B1 − A2B2)W )

≤ 2
√

2

Spatial monogamy relations do not hold for temporal correlations
but the entanglement structure of temporal correlations seems to
be similar to the spatial entanglement.Invasive measurements can
destroy it.
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Computation on history branches

A history branch is a quantum state on which nature performs
quantum operations.
No-signaling and causality holds for the network.

Marcin Nowakowski, Quantum computaton in time, In preparation.
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ThankYou!
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