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Introduction

Goal

Study the stability of black hole (BH) solutions under (scalar)
perturbations

Results in General Relativity (GR) for rotating BHs:

massless: stable1

confined perturbations2: superradiant instability

... beyond classical results?

Scalar with non-trivial self-coupling?

Non-minimally coupled scalar?

Beyond-GR BH solutions?

1Press,Teukolsky,ApJ, Vol. 185, pp. 649-674 (1973)
2Brito,Cardoso,Pani, arxiv:1501.06570v3
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BH superradiance: rotating black holes
Kerr metric

ds2 = −(1−
2Mr

ρ2
)dt2 −

4aMr

ρ2
sin2

θdtdφ +
ρ2

∆
dr2 + ρ

2dθ2 +
Σ

ρ2
sin2

θdφ2 (1)

ρ
2 ≡ r2 + a2 cos2

θ ∆ ≡ r2 + a2 − 2Mr Σ ≡ (r2 + a2)2 − a2∆ sin2
θ (2)

stationary and axis-symmetric: kαt = ∂xα

∂t , k
α
φ = ∂xα

∂φ

ergoregion: defined by the killing horizon of kt
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BH superradiance: Penrose process

E ≡ −kαt pα L ≡ kαφ pα

E < 0 allowed inside ergoregion! Energy extraction, E1 > E0

δJ ≤ δM

ΩH
δM = E , δJ = L
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BH superradiance: Superradiant scattering

Assume separable wave equation:

d2Φ

dr2
∗

+ Veff (r)Φ = 0 (3)

k2
H ≡ Veff (r → r+) k2

∞ ≡ Veff (r →∞)

r → +∞ Φ ∼ Ie+ik∞r∗ +Re−ik∞r∗

r → r+ Φ ∼ T e−ikH r∗

|R|2 = |I|2 − kH

k∞
|T |2 (4)

Superradiance condition, in Kerr: 0 < ω < mΩH (5)
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Quasi-normal modes

Characteristic free modes of BH+perturbation system

eigensolutions to Schroedinger-like equation (3)

physical boundary conditions: ingoing at r+, outgoing at ∞:
(µ = 0)

Ψ ∼ e−iωt+i(ω−mΩH )r∗ r∗ → −∞ (r → r+)

∼ e−iω(t−r∗) r∗ → +∞

system is dissipative (horizon!): complex frequencies

ω = ω̂ + iν

ν < 0, decay in time
ν > 0, exponential growth → instability!
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Superradiant instabilities: bh-bomb I
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Superradiant instabilities: bh-bomb II

1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5
r/M

0.00

0.05

0.10

0.15

0.20

0.25

V 
M

2

a=0.99M, rm = 4M , =0.49 M, l=m=1
Veff

horizon
mirror
Ergoregion

Alexandru Dima (SISSA) Black holes and superradiant instabilities Astro@TS, June 25, 2019 8 / 28



Superradiant instabilities: massive field
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r∗ →∞: Ψ ∼ Ae+
√
µ2−ω2r∗ + Be−

√
µ2−ω2r∗

A = 0→ quasi-bound states

for ω . µ, confinement: ∼ e−µr

r
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Frequency domain results

Analytical solutions only in specific limits:

µM � 1: 3

(Mνmax ) ' a

24M
(µM)9 (6)

µM � 1, ( a
M → 1) 4

(Mνmax ) ' 10−7e−1.84µM (7)

exact results for full {µM, a}, resort to numerics

in ω-domain: WKB approximations, Shooting, Continued fraction...

when equations are non-separable, t-domain approach

3Detweiler,PRD 22,2323 (1980)
4Eardley, Zourous, Annals of Physics 118, 139 (1979)
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Numerical t-domain approach5

1 + 1D decomposition:

Φ(t, r , θ, φ) =
∞∑

`=|m|

ψ`m(t, r)

r
e imφY`m(θ)

System of coupled PDEs (`-mode couples to `± 2)

S`m(θ) = Y`m +
∑
6̀=`′

〈`m|(a2ω2 cos θ2)|`′m′〉
`(`+ 1)− `′(`′ + 1)

Y`′m + · · ·

Method of lines with fourth-order Runge-Kutta time step and O(4)
finite difference scheme for spatial derivatives

Boundary conditions

Ingoing, r → r+

(µ = 0) Outgoing, r →∞
(µ 6= 0) Bounded solution, r →∞

5Dolan,arXiv:1212.1477[gr-qc](2013)
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Numerical convergence: ∆t resolution
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Numerical convergence: ∆x resolution
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E/J conservation
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E/J conservation
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E/J conservation
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BH response

(i)

(ii)

(iii)
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(i) Prompt-response: depends on the specific initial data
(ii) Ringdown: quasinormal modes
(iii) Power-law tail

Alexandru Dima (SISSA) Black holes and superradiant instabilities Astro@TS, June 25, 2019 17 / 28



QNM test

|ψ1(ω)⨯f (ω-ωpeak)
2
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Peak finding

Fit with Lorentzian: (πν)−1

(ω−ωpeak )2+ν2 → ω̂ = ωpeak

Filter: f (ω − ω̂) = exp(− (ω−ω̂)4

(ndω)4 )

linear fit: log |ψ| = q + νpeak · t → ν = νpeak

ωl=m=1 = 0.301143(±0.03%)− i0.0974556(±0.09%)
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Mirror test
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6Dolan (2013)
7Cardoso et al., PRD 70,044039 (2004)
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Extraction of superradiant modes
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ωl=m=1 = 0.160877(±0.03%) + i7.42416 · 10−6(±0.2%)8

8relative errors w.r.t. results of Dolan(2013), in agreement with Cardoso et al.(2004)
analytical and numerical results.
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Next steps

Spacetime dependent mass terms: µ2 = µ(r , θ)2

Accretion disks, plasma-frequency induced mass

ω2 = k2 − ω2
plasma, ω2

plasma ∼ e2ne(r , θ)

Einstein-Gauss-Bonnet, effective mass term

m2
GB = f (φ)RGB , RGB = αR2 + βRµνR

µν + γRµνρσR
µνρσ

Non-trivial self-coupling

V (φ) ∼ g

3
φ3,

λ

4
φ4
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THANK YOU FOR YOUR ATTENTION!
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BONUS SLIDES

Alexandru Dima (SISSA) Black holes and superradiant instabilities Astro@TS, June 25, 2019 23 / 28



Perturbation in Kerr metric

(∇2 − µ2)Ψ = 0, ansatz: Ψ =
∫
dωe−iωt+imφ

∑
` S`m(θ)R`m(r) 9

1

sin θ

d

dθ
(sin θ

dS`m
dθ

) + (a2(ω2 − µ2) cos θ2 − m2

sin θ2
+ A`m)S`m = 0

d2R`m
dr2

∗
+ Veff R`m = 0 (8)

Veff (r) =
(K 2 −∆(λ+ µ2r2))

(r2 + a2)2
+ β2 +

∆

r2 + a2

dβ

dr
(9)

K ≡ (r 2 + a2)ω − am, λ ≡ A`m + a2ω2 − 2amω, β ≡ r∆

(r 2 + a2)2

→ Superradiance condition
ω −mΩH

ω
< 0 (10)

9Generalized to s = ±1,±2, Teukolsky master equations
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Boundary conditions: Spurious reflections

Implementation of BC on finite grids: spurious reflection

ν`,mirror ∼ r
−2(`+1)
0 , r∞ = 500M

→ τboundary ∼ (500M)4 ∼ 6, 25 · 1010M � (νl=m=1)−1 ∼ 106M

Perfectly-matched layers: introduce artificial damping after left
boundary

Spurious reflected flux is damped away
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Boundary conditions: Perfectly-mathced layers

ü = u′′

First-order rearrangement: u̇ = v ′, v̇ = u′

Solution: u ∼ exp−iω(t ± x)

Introduce x-dependent damping term:

u̇ = v ′ − γ(x)u
v̇ = u′ − γ(x)v

Solution:

u ∼ exp (−iω(t ± x)±
∫ x

y
γ(y)dy)

Exponential attenuation for both left and right going waves in PML!
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Growth rate - µM
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Growth rate - rm
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