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ABSTRACT
The emission in the near ultraviolet Ca ii H & K lines is modulated by stellar magnetic activity.
Although this emission, quantiﬁed via the S-index, has been serving as a prime proxy of stellar magnetic activity for several decades, many aspects of the complex relation between stellar magnetism and
Ca ii H & K emission are still unclear. The amount of measured Ca ii H & K emission is suspected to
be aﬀected not only by the stellar intrinsic properties but also by the inclination angle of the stellar
rotation axis. Until now such an inclination eﬀect on S-index has remained largely unexplored. To
ﬁll this gap, we develop a physics-based model to calculate S-index, focusing on the Sun. Using the
distributions of solar magnetic features derived from observations together with Ca ii H & K spectra
synthesized in non-local thermodynamic equilibrium, we validate our model by successfully reconstructing the observed variations of solar S-index over four activity cycles. Further, using the distribution of
magnetic features over the visible solar disk obtained from surface ﬂux transport simulations, we obtain
S-index time series dating back to 1700 and investigate the eﬀect of inclination on S-index variability,
both on the magnetic activity cycle and the rotational timescales. We ﬁnd that when going from an
equatorial to a pole-on view, the amplitude of S-index variations decreases weakly on the activity cycle
timescale and strongly on the rotational timescale (by about 22% and 81%, respectively, for a cycle
of intermediate strength). The absolute value of S-index depends only weakly on the inclination. We
provide analytical expressions that model such dependencies.
Keywords: Stellar activity – Stellar chromospheres – Solar faculae – Plages – Sunspots – Radiative
transfer
1. INTRODUCTION

The magnetic ﬁeld produced by the action of a dynamo in the stellar interior emerges on the stellar surface leading
to the formation of magnetic features, such as dark spots and bright faculae (see, e.g., Solanki et al. 2006, for a
review of the solar case). This magnetic ﬁeld extends further into the chromosphere, where it causes a non-thermal
heating resulting in the formation of plages, which are the chromospheric counterparts of faculae. This non-thermal
heating of the chromosphere increases the emission in the chromospheric spectral lines, particularly in the cores of the
Ca ii H & K lines at 3968.47 Å and 3933.66 Å, respectively (Linsky & Avrett 1970). Consequently, observations of the
Ca ii H & K ﬂux from a star allow monitoring its level of magnetic activity.
Since direct measurements of the Ca ii H & K absolute ﬂux might be aﬀected by stability issues (e.g., spurious
instrumental eﬀects, changes in the line-of-sight air mass etc.) and do not allow comparing the magnetic activity of
diﬀerent stars, various indices have been introduced to overcome these issues. Their main principle is to consider ratios
between the emission in the Ca ii H & K line cores (which is strongly aﬀected by the activity) and the emission in
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either the Ca ii H & K wings or in the nearby spectral regions (which is only marginally aﬀected by magnetic activity).
One such index of the stellar magnetic activity based on the Ca ii H & K emission is the S-index established by the
Mt. Wilson Observatory (Vaughan et al. 1978; Wilson 1978). It is deﬁned as the ratio of the summed ﬂuxes in the
Ca ii H & K line cores to the summed ﬂuxes in two pseudo-continuum regions near the blue wing of the K line and
red wing of the H line. Pseudo-continua are spectral regions that are closest to the true continua in a given spectral
region, but are nevertheless densely populated with absorption lines.
The HK project at the Mt. Wilson Observatory (MWO HK), initiated by Olin C. Wilson, recorded S-index measurements of lower main-sequence stars since 1966. This allowed exploring stellar magnetic activity cycles (Wilson
1978). In particular, 60% of the stars in Wilson’s sample were found to have periodic or apparently periodic cyclic
variations in activity, 25% of the stars showed variations with no deﬁnite periodicity and 15% displayed no signiﬁcant
activity variations (Baliunas et al. 1998). In a target sample consisting of 143 Sun-like stars and the Sun, monitored by
a complementary synoptic survey at the Lowell observatory: the Solar Stellar Spectrograph (SSS) project, Hall et al.
(2007) found that the general distribution of cycle characteristics were in agreement with Baliunas et al. (1998). Using the Ca ii H & K emission data from MWO along with photometric data from Lowell and Fairborn observatories,
Lockwood et al. (2007) examined the patterns of photometric and chromospheric variations among Sun-like stars
(which they deﬁne as stars on or near the main-sequence having a color index 0.4 ≤ (B − V ) ≤ 1.2). They found that
variations of the chromospheric emission is correlated with the mean chromospheric activity (see also Radick et al.
1998).
Although the HK project and the SSS survey allowed a number of breakthroughs in understanding stellar magnetic
activity, they were limited to just a few hundred stars. The arrival of large spectroscopic surveys which observe
hundreds of thousands of stars has rekindled the interest in stellar activity studies. For example, the Large Sky Area
Multi-Object Fibre Spectroscopic Telescope (LAMOST) spectroscopic survey (Cui et al. 2012; Zhao et al. 2012) has
collected millions of spectra in the wavelength range 3700 − 9100 Å, thus providing a vast amount of Ca ii H & K data.
The signiﬁcant overlap between LAMOST stars and stars observed by the Kepler space telescope (De Cat et al. 2015)
allowed connecting the Ca ii H & K emission with photometric variability. For example, Zhang et al. (2020) found a
correlation between the photospheric activity (characterised by the level of photometric variability), chromospheric
activity (characterised by the Ca ii H & K emission), and the rotation period in late-type stars.
Despite the fact that the S-index is widely used as an activity indicator, its exact connection to stellar activity
(deﬁned here as coverage of the stellar surface by magnetic features) is still unclear. In particular, one can expect that
the S-index measurements depend on the stellar inclination (deﬁned as the angle between the stellar rotation axis and
the line-of-sight of the observer). Indeed, when the inclination changes, the distribution of the magnetic features on the
visible stellar disk appears diﬀerently. This, in turn, aﬀects the contribution of the magnetic features to the measured
Ca ii H & K emission (due to the center-to-limb variations of their contrasts and foreshortening). Some studies (see,
e.g., Knaack et al. 2001; Shapiro et al. 2014) employed a rather simpliﬁed modeling approach to estimate the eﬀect of
the inclination on the amplitude of the activity cycle in the S-index. However, a detailed investigation of the impact
of the inclination on the S-index variations has until now been missing.
In this study, we develop a comprehensive physics-based model for calculating the S-index. To validate our model
against observations we use the Sun which is a perfect gateway to understand other late-type stars in our galaxy
and elsewhere (see, e.g., a compilation of reviews in Engvold et al. 2019). We also investigate the eﬀect of the stellar
inclination on the S-index while the eﬀect of the metallicity will be addressed in a separate paper. In Section 2,
we describe our model which is based on the SATIRE (Spectral And Total Irradiance REconstruction; Fligge et al.
2000; Krivova et al. 2003) model. In Section 3, we validate our approach by comparing our model output with
the available measurements of the Ca ii H & K emission of the Sun (which obviously was observed from the ecliptic
plane). In Section 4, we extend our approach to derive the S-index for other inclinations and quantify the impact of
the inclination on the S-index on both the activity cycle and rotational timescales. In Section 5, we present a brief
summary and some concluding remarks.
2. THE MODEL

2.1. Chromospheric activity index
Following the original deﬁnition by Vaughan et al. (1978), we calculate the S-index as:
S(t) = 8 αc

NH (t) + NK (t)
,
NR (t) + NV (t)

(1)
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Figure 1. Comparison between the observed Fourier Transform Spectrometer (FTS) spectra (black) and the spectra synthesized
with the RH code (red). Panels (a), (b), and (c) show the quiet Sun disk-center spectra while the disk-integrated quiet Sun
spectra are shown in panels (d), (e), and (f). The gray shaded regions in panel (a) indicate the H, K, R and V passbands
considered for the S-index computations. The spectral features of the K and H lines are marked in panels (b) and (c). The
regions between the dashed lines in panels (b), (c), (e), and (f) highlight the parts of the spectra that fall in the K and H
triangular passbands.

where t is the time, NH (t) and NK (t) are the time dependent integrated ﬂuxes in triangular H and K bands with
full-width-at-half-maximum (FWHM) of 1.09 Å centered on the cores of the Ca ii H & K lines, respectively. NR (t) and
NV (t) are the time dependent integrated ﬂuxes in 20 Å wide rectangular R and V bands in the nearby pseudo-continuum
region. The H, K, R and V passbands are shown as gray shaded regions in Figures 1 and A1.
The MWO HK project is based on the measurements using two photometers, HKP-1 (1966 − 1977) and HKP2 (1977 − 2003). Since the two instruments used slightly diﬀerent R and V passbands (note that the passbands
deﬁned above and plotted in Figures 1 and A1 correspond to the ones used by the HKP-2 instrument), Vaughan et al.
(1978) introduced a calibration factor αc for putting HKP-2 measurements on the HKP-1 scale. Using standard stars
observed with both HKP-1 and HKP-2 instruments, Duncan et al. (1991) found the value of αc to be 2.4. To make
the comparison of our calculations with the observations easier, we place the S-index computed from our model on
the same scale as HKP-2. For this it is essential to account for the diﬀerence in the duty cycles of the four channels
of HKP-2 (Vaughan et al. 1978). As described in Vaughan et al. (1978), the H and K channels of HKP-2 are exposed
8 times longer than the reference R and V channels. Consequently, the H and K ﬂuxes in Equation (1) are scaled up
by a factor of 8 (see, e.g., Hall et al. 2007).
2.2. SATIRE
We base our model on SATIRE (Fligge et al. 2000; Krivova et al. 2003) which is one of the most advanced physicsbased models of solar irradiance variability. In particular, it has been validated against numerous observational records
of solar irradiance (see Ball et al. 2014; Yeo et al. 2014; Danilovic et al. 2016, and references therein). In SATIRE, the
visible solar disk is decomposed into four components: faculae (f ), sunspot umbrae (u), sunspot penumbrae (p), and
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quiet Sun (q, i.e. the regions of the solar disk which are not occupied by any of the magnetic features). The emergent
spectra for each of these components are assumed to be time-invariant, but depend on the position on the disk. The
full-disk solar spectrum is calculated by weighting the spectra of the individual components with the corresponding
disk area coverages and summing up the contributions of the individual components. The distribution of the magnetic
features on the solar disk and, consequently, their disk area coverages change with time, leading to the variability of
the full-disk solar spectrum.
Traditionally, SATIRE employs the spectra for the quiet Sun and magnetic features from Unruh et al. (1999), synthesized using the ATLAS9 code (Kurucz 1992; Castelli & Kurucz 1994) under the assumption of local thermodynamic
equilibrium (LTE, see, however, Tagirov et al. 2019, for the ﬁrst non-LTE version of SATIRE). Since the Ca ii H & K
line core emissions form in the chromosphere, where the LTE approximation is no longer valid, we replace the emergent
LTE spectra from ATLAS9 with the non-LTE spectra synthesized using the RH code (Uitenbroek 2001). A description
of the spectral synthesis using the RH code is given in Section 2.3.
Calculation of the solar surface coverages by magnetic features is another important part of SATIRE, and diﬀerent
approaches are taken depending on the branch of the model (Krivova et al. 2011). In this study we use diﬀerent
branches of SATIRE to achieve two main goals. Firstly, to validate our approach, we synthesize a solar S-index time
series and compare it to the available data (see Section 3). For this, we employ the SATIRE-S branch, which uses
direct measurements of the solar surface magnetic ﬁeld and continuum intensity images to derive the surface coverages
by magnetic features (Yeo et al. 2014). Our second goal is to model the S-index time series back to the year 1700 and
to study the dependence of S-index on the inclination (see Section 4) on both the activity cycle and the rotational
timescales. Since observations of the Sun from outside the ecliptic plane are currently unavailable, we have to rely on
numerical simulations to achieve this goal. Therefore, we use the surface area coverages by magnetic features calculated
by Nèmec et al. (2020a,b) following an approach similar to SATIRE-T2 (Dasi-Espuig et al. 2016). Further details are
given in Section 4.
To compute the disk integrated ﬂux at a given time t, and a given wavelength λ, we divide the solar disk into ‘l’
concentric rings. The position of each ring is given by µl (deﬁned as the cosine of the heliocentric angle θ). The disk
integrated spectral ﬂux is then the sum of ﬂuxes from each of these rings:

F (t, λ) =

X
Iq (λ, µl )+
l

X

Aexp αjl (t) [Ij (λ, µl ) − Iq (λ, µl )]

j



(2)
∆Ωl .

Here, the index j designates the diﬀerent magnetic features, j = {f, u, p}. Iq , If , Iu , Ip are the intensities emerging
from the quiet Sun, faculae, umbrae, and penumbrae, respectively. αjl (t) are the inclination-dependent fractional
coverages of the visible solar disk by a given magnetic component in the lth ring. ∆Ωl is the solid angle subtended
by the lth ring to an observer located at the distance of 1 AU from the Sun. The term inside the square brackets
represents the intensity contrasts of the magnetic features with respect to the quiet Sun.
We note that the αjl (t) values used in our model are deduced from photospheric measurements (in SATIRE-S) and
simulations (in Nèmec et al. 2020b) and hence correspond to area coverages in the low/mid photosphere. At the same
time, most of the Ca ii H & K radiation in passbands having a typical width of about 1 Å comes from the photosphere
below 550 km (see e.g. Figure 3 of Jafarzadeh et al. 2017, showing the contribution function for the Ca ii radiation
transmitted through the SUNRISE/SuFI Ca ii H ﬁlter Solanki et al. 2010; Gandorfer et al. 2011), with a secondary
peak in the contribution in the chromosphere. The center-of-gravity of the contribution functions lies between 500 and
700 km. The ﬂux tubes forming the magnetic structures expand as they rise to these heights to maintain horizontal
pressure balance (Solanki & Steiner 1990; Solanki et al. 2006). Such an expansion means that the magnetic features
cover a larger fraction of the solar disk at these heights (e.g. Solanki et al. 1991). To account for this expansion, we
multiply the photospheric area coverages by a constant factor Aexp (see Section 3.1 for more details).
We obtain the integrated ﬂuxes in the H, K, R, and V bands using

Nm (t) =

Z

m

F (t, λm ) T (λm ) dλm ,

(3)
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where m = {H, K, R, V} correspond to the four passbands. The wavelength integration is performed over the interval
deﬁned by λm for each of these bands, after multiplying the spectral ﬂux in that interval with the transmission proﬁle
of the corresponding passband deﬁned by T (λm ).

Figure 2. Center-to-limb variation of the intensity contrast of the faculae with respect to the quiet Sun, defined as {If (λ, µl ) −
Iq (λ, µl )}/Iq (λ, µl ), in the pseudo-continuum R and V passbands (panel a) and in the line core H and K passbands (panel b).

2.3. Spectral synthesis
When synthesizing the H and K resonance lines of singly ionized calcium, a few aspects of their formation in the solar
atmosphere need to be considered. For instance, their formation spans a wide range of heights in the solar atmosphere
(Vernazza et al. 1981). The Ca ii H & K wings form in the photosphere under LTE, whereas the cores form in the
chromosphere, where the densities are so low that departures from LTE become signiﬁcant. Synthesizing line cores
under the approximation of LTE gives rise to huge unrealistic emissions owing to an increase in the temperature of the
layers above the temperature minimum. Also, partial frequency redistribution (PRD) eﬀects are important for their
formation (Uitenbroek 1990). Therefore, a proper treatment of non-LTE and PRD eﬀects is crucial to correctly model
the Ca ii H & K line proﬁles.
We use the numerical radiative transfer code RH (Uitenbroek 2001) to synthesize both the Ca ii H & K lines and
the pseudo-continuum for diﬀerent positions (µl ) on the solar disk. This code is based on the multi-level approximate
lambda iteration formalism of Rybicki & Hummer (1991, 1992). It solves the equations of statistical equilibrium and
radiative transfer self-consistently for multi-level atoms and molecules. The non-LTE and PRD capability of RH makes
it well suited for calculating Ca ii H & K emission.
The atomic model that we use for the Ca ii calculations consists of ﬁve levels plus continuum. The Ca ii H & K lines
at 3968.47 Å and 3933.66 Å, respectively, and the infrared triplet transitions at 8542 Å occur between these ﬁve levels.
Calcium is treated in non-LTE taking into account the eﬀects of PRD in the H and K lines, while the transitions in
other background elements are treated in LTE. The line opacity and emissivity in the wavelength range 3880 − 4020 Å
(see Figure 1a) are calculated by including 7216 transitions tabulated in Kurucz’s line list1 , assuming LTE. The
elemental solar abundances used are from Anders & Grevesse (1989), to remain consistent with the SATIRE model
(see e.g. Unruh et al. 1999).
We used the one-dimensional (1D) semi-empirical models FALC99 and FALP99 by Fontenla et al. (1999) to synthesize the spectra of the quiet Sun and faculae, respectively. We note that the contributions from sunspot umbra and
penumbra to the S-index are ignored, because (i) we assume that sunspots are dark in both the Ca ii H & K lines
and the pseudo-continuum and thus their contributions aﬀect the denominator and the numerator of Equation (1)
equally (so that the S-index is unaﬀected, see also Shapiro et al. 2014, for a more detailed discussion); (ii) the solar
disk coverage by faculae is signiﬁcantly larger than that by spots; (iii) the existing 1D semi-empirical models of umbra
1

http://kurucz.harvard.edu/linelists.html
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and penumbra lack well constrained chromospheres (Loukitcheva et al. 2017) needed for the proper treatment of line
cores. Therefore, in our model, the variations in the S-index are driven entirely by the faculae on the solar disk.
When computing the spectra using these models, we run into a situation where the absolute ﬂux in the pseudocontinuum region around Ca ii H & K lines is overestimated for the FALC99 and FALP99 models. This is a known
eﬀect which is due to the fact that the existing line lists are not complete and underestimate the opacities in the
ultraviolet (UV; see, e.g., Kurucz 2009). To account for the missing opacity and to match the observed ﬂux in
the near-UV region, we used opacity fudge factors (Bruls et al. 1992; Rutten 2019). These factors are wavelength
dependent, and the continuum opacity is multiplied by them to compensate for the missing atomic and molecular
lines and resulting overestimation of the UV ﬂux. The opacity fudging in our approach is done by increasing the H−
opacity in the wavelength range 3700 − 4150 Å, starting with the best ﬁt multipliers used in Bruls et al. (1992). In
order to match the observed ﬂux, we require opacity fudge factors of 1.45 at 3700 Å, 1.3 at 3900 Å and 1 (original
opacity values) at 4150 Å. The fudge factors in the wavelength range 3900 − 4150 Å are linearly interpolated between
these values. The values of the opacity fudge factors that we used are only slightly diﬀerent from those of Bruls et al.
(1992), which are respectively 1.35, 1.21 and 1.035 at the wavelengths mentioned.
To test the quiet Sun spectra synthesized using the RH code with the opacity fudging as described above, we used
the high-resolution disk-center and disk-integrated atlases from the Hamburg Observatory2 (Neckel 1999; Doerr et al.
2016). They are based on the data from the Fourier Transform Spectrometer (FTS) mounted on the McMath-Pierce
solar telescope at the Kitt Peak National Observatory in Arizona, United States (see, e.g., Neckel & Labs 1984). We
refer to the spectra from these atlases as the FTS spectra. Figure 1 shows a comparison between the FTS spectra (in
black) and the spectra synthesized with the RH code using the FALC99 model atmosphere (in red), for the disk-center
and disk-integrated cases (see also Figure A1 for a comparison between the quiet Sun and the facular spectra).
The agreement between the pseudo-continuum in the FTS and RH spectra for both the disk-center and the diskintegrated cases is quite good. The broad Ca ii H & K lines are well reproduced except for the K2 and H2 features, as
shown in Figs. 1b and c (see also Figs. 1e and f). Contrary to what is observed, the K2V and K2R (similarly the H2V and
H2R ) peaks in the synthetic spectra are symmetric and show enhanced emission. This is a general characteristic of the
1D models and is partly because the velocity gradients in the solar atmosphere are not included in our computations
using 1D models. An example of what happens to the K2 and H2 features when macroturbulent velocity ﬁelds in the
solar atmosphere are taken into account in a simple manner is shown in Figure B2. A proper treatment of the velocity
ﬁeld gradients using 3D model atmospheres along with the spatial averaging of the intensity proﬁles is expected to
make the K2 and H2 features asymmetric in addition to decreasing the emission strength (see, e.g., Bjørgen et al.
2018). Using 3D atmospheres Bjørgen et al. (2018) attempted to model the Ca ii H & K lines. Though they could
obtain asymmetric central peaks, the synthesized proﬁles did not yet fully reproduce the observed disk-center proﬁles
indicating that further eﬀort in improving 3D models is needed.
To evaluate the extent to which the S-index values are aﬀected by the slight mismatch between the FTS and
RH spectra, we computed the ﬂux ratio in Equation (1). Namely, we employed the disk-center and disk-integrated
spectra from FTS and their RH counterparts computed with the FALC99 model (i.e. the disk-center spectra shown
in Figs. 1a–c and the full-disk spectra shown in Figs. 1d–f) to compute SRH and SFTS . For the disk-center spectra
the ratio SRH /SFTS is found to be 1.04, while for the disk-integrated spectra it is equal to 0.95. We note that while
the FTS disk-center spectra are recorded by choosing regions on the solar disk that are free of any apparent magnetic
activity, the disk-integrated spectra are bound to be aﬀected by the magnetic activity. Therefore, it is not surprising
that the ratio is smaller for the disk-integrated spectra. Most importantly, both ratios are very close to unity so that
the mismatch between the observed and synthesized spectra is not expected to noticeably aﬀect our calculations.
Finally, we note that the center-to-limb variation (CLV) of the facular contrast in the line core and pseudo-continuum
passbands is one of the key factors deﬁning the S-index dependence on the inclination. Observations of faculae at
continuum wavelengths show that their contrast relative to the quiet Sun is much lower at the disk center than at
the limb (Topka et al. 1992). This is because the hot walls of the small ﬂux tubes forming faculae are hardly visible
closer to the disk center and become best visible at the limb (Spruit 1976). Naturally, the 1D models cannot directly
account for such a purely 3D eﬀect. At the same time, the temperature structure of the semi-empirical FALP99
model has been created to emulate this eﬀect and has been demonstrated to reproduce available measurements of the
facular contrast rather well (see Fontenla et al. 1999, for a detailed discussion). Figure 2 shows the calculated CLV of
2
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facular contrast deﬁned as, [{If (λ, µl ) − Iq (λ, µl )}/Iq (λ, µl )], where If and Iq are the faculae and quiet-Sun intensities
computed using the FALP99 and FALC99 models, respectively. Both the pseudo-continuum and line core contrasts
increase monotonously towards the limb (see Figs. 2a and b, respectively). However, the magnitude of this increase
in the pseudo-continuum passbands is signiﬁcantly diﬀerent from that in the line core passbands. The CLV of the
contrast is very steep in the pseudo-continuum, i.e. the contrast at the limb increases to nearly 10 times the value
at the disk center, whereas in the line cores the increase is much less pronounced (limb contrast is only 1.5 times the
value at µ = 1). Also, the line core contrasts are overall higher due to additional non-thermal heating in the higher
layers of the solar atmosphere where they form. In Section 4 we show how these properties of the CLV deﬁne the
dependence of the S-index on the inclination.
3. SOLAR S-INDEX VARIATIONS

3.1. Calibration of the model using solar observations
The MWO HK photometers have made direct measurements of the S-index of the Sun using the sunlight reﬂected
from the Moon (Egeland et al. 2017a). Other records of S-index proxies include the K-index (deﬁned as the equivalent width of a 1 Å band centered on the K line) data from the National Solar Observatory Kitt Peak (NSO/KP;
White & Livingston 1978), Sacramento Peak (NSO/SP; Keil & Worden 1984), and the Synoptic Optical Long-term
Investigations of the Sun by the Integrated Sunlight Spectrometer (SOLIS/ISS; Balasubramaniam & Pevtsov 2011)
at Kitt Peak. The NSO/KP measurements cover the time period 1974 − 2016, NSO/SP the period 1976 − 2016, and
SOLIS/ISS between 2006 and present, thus complementing one another.

Figure 3. Disk area coverage by the facular component on the photosphere for solar cycles 21 − 24 obtained using the approach
of Yeo et al. (2014). The colors correspond to observations from different instruments as indicated.

By establishing a linear relationship between the NSO/SP K-index and the MWO S-index, Egeland et al. (2017a,b)
derived and published a composite time series of the daily S-index values calibrated to the MWO/HKP-2 scale for the
solar cycles 20 − 24. We call this composite as ‘Composite-E17’. Taking the advantage of the data from MWO/HKP2, Egeland et al. (2017a) also accurately placed solar cycle 23 on the S-index scale of HKP-2. Bertello et al. (2016)
established a relation between the NSO/SP and SOLIS/ISS measurements and created a composite of the daily K-index
values on the SOLIS/ISS scale3 , which we call KISS . We use the K-index composite from Bertello et al. (2016) and
transform it to the S-index on the MWO/HKP-2 scale using the following linear relation from Egeland et al. (2017a):
S(KISS ) = 1.71 KISS + 0.02 .

(4)

We refer to the S-index composite obtained using Equation (4) as ‘Composite-B16’.
We use the Composite-B16 to determine the value of the expansion factor Aexp (introduced in Section 2.2) and
to test our calculations. The photospheric area coverages by faculae needed for this purpose are obtained from
SATIRE-S (Yeo et al. 2014) for the period covering solar cycles 21 − 24. Figure 3 shows the fraction of the solar
disk covered by faculae derived from the NSO Kitt Peak 512-channel Diode Array Magnetograph (black dots) and
the spectromagnetograph (SPM; red dots), as well as the Michelson Doppler Imager (MDI; blue dots) onboard the
Solar and Heliospheric Observatory, and the Helioseismic and Magnetic Imager (HMI; orange dots) onboard the Solar
Dynamics Observatory. The gaps in the data are due to the limited availability of magnetograms suitable for calculating
the area fractions.
3

https://solis.nso.edu/0/iss/, see also Technical Report No. NSO/NISP-2007-001
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Figure 4. Observed (Composite-B16) vs. calculated values of the S-index for different combinations of the parameters αc and
Aexp as indicated in each panel. The red line in each panel shows the linear fit to the data and the orange line indicates the
expectation value. The value of the linear Pearson correlation coefficient is 0.93.

Next, by employing the synthetic spectra from RH in combination with the facular area coverages i.e. the area fraction
covered by magnetic ﬂux giving rise to faculae shown in Figure 3, we computed the S-index using Equation (1). We
then regressed the daily S-index values from the Composite-B16 to those returned by our calculations (excluding the
data gaps i.e. keeping only the common days). The result is shown in Figure 4a. The red line gives the linear ﬁt to the
data and the orange line shows the expectation values for a perfect match. The linear Pearson correlation coeﬃcient
between the model and the measurements is r = 0.93. Such a high correlation is in itself reassuring. However,
the computed S-index values were much lower than the observed ones. To bring the modeled values closer to the
expectation, we varied two parameters. One is the calibration constant αc introduced in Section 2.1 which aﬀects
the overall level of the calculated S-index and the other is the active area expansion factor Aexp which governs the
cycle amplitudes as well as the amplitudes of the variability on all timescales. Panels a–c and d–f in Figure 4 show
how the slope of the regression changes with Aexp and the oﬀset with αc , respectively. By visual inspection, we chose
Aexp = 3.2 and αc = 2.48 since these values led to a linear ﬁt basically coinciding with the expectation value (panel
e).
We note that this value of Aexp is consistent with the results by Chatzistergos (2017), where an approximate value of
3 is suggested when comparing the plage areas derived from full-disk Ca ii K observations to the facular areas obtained
from HMI magnetograms. Here, we have assumed that the expansion factor does not depend on the size of the ﬂux
tube. We believe that this is a reasonable assumption since Solanki et al. (1999) have shown that in the photosphere,
ﬂux tubes of diﬀerent sizes expand at nearly the same relative rate implying that the expansion factor is roughly
constant. According to Figure 4 of Pneuman et al. (1986), the area covered by a ﬂux tube with magnetic ﬁlling factor
about 10% at a height of 500 km (where the Ca ii radiation in the H and K passbands come from) is about 4 times that
at 250 km (where the spectral lines typically used for magnetogram measurements form). This area ratio is constant
for all magnetic ﬁlling factors of 10% and below, i.e. for network and moderate plage. For strong plage, e.g., with a
magnetic ﬁlling factor of 25%, the area ratio is about 2. Therefore, for a mix of ﬁlling factors (both larger and smaller
than 10%), the value of 3.2 for the expansion factor looks reasonable.
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The deviation of αc from its original value of 2.4 in Duncan et al. (1991) by a modest 3.3% is not entirely surprising.
It is partly because the observed features of the Ca ii H & K lines are not perfectly reproduced in the full-disk spectra
synthesized using RH. It can also be partly due to the inaccuracies associated with the triangular passbands i.e. the
triangular functions that we use for the H and K passbands are probably not fully representative of the transmission
proﬁles of the H and K channels of MWO/HKP-2.
3.2. Reconstruction of the solar S-index
Figure 5a compares the daily values of the S-index returned by our model to the Composite-B16. The 81-day moving
averages of the daily values are shown in Figure 5b. Here, we show not only Composite-B16 but also its components,
namely, NSO/SP and SOLIS/ISS data. For the 81-day averages, only those days are used for which data from all
three sources: Composite-B16 (black), NSO/SP (green) and our model (orange) were available. The NSO/SP S-index
values are extracted from Composite-E17. For comparison, the data from SOLIS/ISS (brown) are also shown. The
diﬀerence between Composite-B16 and our model values in Figure 5b (i.e. the residual) is shown in gray in Figure 5c.
The residuals have been normalized to the amplitude of solar cycle 23 for Composite-B16 given in Table 1. The
residuals lie within 20% of the cycle 23 amplitude, showing that the reconstructed S-index agrees reasonably well with
the observed one (not surprising, given the good match in Figure 4e). We remind the reader that our model was
calibrated to match Composite-B16 using two free parameters αc and Aexp . The larger uncertainties for solar cycle
24 could be because for this cycle, the Composite-B16 observations use data from two sources, namely NSO/SP and
SOLIS/ISS. For this cycle, the residual between Composite-B16 and NSO/SP (blue) are also higher.
To characterise the behaviour of the S-index on the solar activity cycle timescale, we consider the quantities such
as values at cycle minimum (Smin ), maximum (Smax ), cycle-average (hSi) and the amplitude (∆S). While there are
diﬀerent ways to deﬁne them (e.g. to ﬁt cycle shape functions such as skewed Gaussians (Egeland et al. 2017a, see
also Du 2011) or functions of the type used in Hathaway et al. 1994), we follow the approach by Egeland et al. (2017a)
which allows a direct comparison of our estimates with theirs and use a skewed Gaussian cycle shape model function
deﬁned as:


(t − tm )2
+ Smin ,
(5)
Sfit (t) = ∆S exp − 2
2b [1 + a(t − tm )2 ]
where t is the time grid covering a given cycle, ∆S is the amplitude of the cycle, tm is the time of the maximum of
the cycle, b is the width of the rising phase of the cycle, and a is the cycle asymmetry parameter.
We ﬁt the function given by Equation (5) to both the Composite-B16 (red curves in Figure 5a) and to our model
calculations (purple curves in Figure 5a). We do not include the solar cycle 22 into the ﬁt because of the signiﬁcant
gap in the magnetograms used in our model. The values of the cycle parameters determined for Composite-B16 and
our model are listed in Table 1. Note that Smin is the minimum (in this case corresponding to the minimum at the end
of the cycle), Smax is the maximum and hSi is the mean of the cycle shape ﬁt. We remark that these parameter values
depend on the start time of a cycle. We used the cycle start times from Egeland et al. (2017a) in order to make a direct
comparison with their estimates (see Table 1). The Composite-B16 and our model display very similar minimum and
maximum values for both cycles considered. The averages for cycle 21 are slightly diﬀerent due to a diﬀerent time
sampling of the Composite-B16 and our model. The cycle parameters found for both Composite-B16 and our model
are in close agreement with the Composite-E17 estimates for the corresponding solar cycles (see Table 1).
Table 1. Parameters of the S-index activity cycles 21 and 23.
Parameters
Smin
Smax
hSi
∆S

Composite-E17

Cycle 21
Composite-B16

Our model

0.1629
0.1790
0.1717
0.0164

0.1636
0.1789
0.1692
0.0152

0.1636
0.1792
0.1723
0.0157

Composite-E17

Cycle 23
Composite-B16

Our model

0.1634
0.1780
0.1701
0.0143

0.1623
0.1773
0.1691
0.0149

0.1621
0.1778
0.1700
0.0156

The S-index is not an ideal proxy for comparing magnetic activity of diﬀerent stars, due to its dependence on
the eﬀective temperature. Both the ﬂux in the R and V passbands, and the Ca ii H & K emission are aﬀected by
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Figure 5. Panel (a): comparison between the measured S-index from the Composite-B16 (black circles) and the S-index
reconstructed with our model (orange circles). The red curves are the cycle shape fits to the Composite-B16 and the purple
curves are the fits to our model calculations. Panel (b): 81-day averages of the same day values from Composite-B16 (black
curve), NSO/SP (green) and our calculations (orange curve). For comparison, SOLIS/ISS values (brown) are shown. The solar
cycle numbers are indicated below the curves. Panel (c): difference in the 81-day smoothed values between Composite-B16 and
our model (gray), and between Composite-B16 and NSO/SP (blue), normalized to the cycle 23 amplitude for Composite-B16
(= 0.0149; see Table 1).

the stellar eﬀective temperature (Linsky & Avrett 1970; Noyes et al. 1984). For a more accurate comparison of the
magnetic activity of stars with diﬀerent eﬀective temperatures, the photospheric contribution to the chromospheric
emission must be removed and the dependence of the R and V ﬂuxes on the eﬀective temperature must be taken into
account. For this reason, instead of the S-index, many studies involving stars with diﬀerent eﬀective temperatures use
′
the derivative index RHK
(Noyes et al. 1984, see also Section 4.3), deﬁned as:
′
RHK
= RHK − Rphot ,

(6)

where RHK = 1.34 × 10−4 Ccf S and Rphot is the photospheric correction. Here, Ccf is the color (B − V ) dependent
factor used to convert S-index to RHK . It corrects for the temperature dependence of the R and V ﬂuxes and is deﬁned
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Figure 6. Comparison between the measured S-index from the Composite-B16 (black circles) and the S-index reconstructed
with our model (orange circles) for a few rotational cycles. The error bars shown in each panel represent the 3σ-uncertainty,
where σ is the standard deviation of the Composite-B16 values in the period 2008.5 − 2009.5.
′
Table 2. log(RHK
) values for solar cycles 21 and 23.

Parameters
′
log(RHK,min
)
′
log(RHK,max )
′
log(hRHK
i)
′
log(∆RHK
)

Composite-E17

Cycle 21
Composite-B16

Our model

-4.979
-4.891
-4.930
-5.626

-4.975
-4.893
-4.943
-5.658

-4.975
-4.892
-4.926
-5.648

Composite-E17

Cycle 23
Composite-B16

Our model

-4.976
-4.899
-4.938
-5.686

-4.982
-4.901
-4.944
-5.666

-4.984
-4.898
-4.939
-5.646

as:
logCcf = 1.13 (B − V )3 − 3.91 (B − V )2
+ 2.84 (B − V ) − 0.47 .

(7)

Rphot is calculated from the (B − V ) color using
logRphot = −2.893 (B − V )3
+ 1.918 (B − V )2 − 4.898 .

(8)

′
The values of log(RHK
) computed using Eqs. (6)– (8) and (B − V ) = 0.653 following Egeland et al. (2017a) are shown
in Table 2. We use the procedure outlined here to derive the chromospheric emission variations of the Sun and compare
the Sun with other lower main-sequence stars in Section 4.3.
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Figure 7. Histogram of the residual (defined as the difference between the same-day S-index values from Composite-B16 and
our model) normalized to the standard deviation (σ) of the Composite-B16 values in the period 2008.5 − 2009.5 introduced in
Figure 6. The blue curve is the Gaussian fit to the distribution with σg being the standard deviation of the fitted Gaussian
function.

A comparison between the modeled daily S-index values and the Composite-B16 is shown for a few rotational cycles
in Figure 6. Since Bertello et al. (2016) do not provide any measurement uncertainties we choose the scatter (σ)
in the Composite-B16 values between 2008.5 − 2009.5 (when our model returns very low S-index variability) as a
representative of the uncertainty and show the 3σ (with σ = 0.001) value as error bar in Figure 6. One can see that
our model values agree well with those from the Composite-B16 also on the rotational timescale. In Figure 7 we show
the histogram of the residual (the diﬀerence in the same-day S-index values from Composite-B16 and our model up
to 2012) normalized to the estimated uncertainty (σ introduced earlier) in Composite-B16. The blue curve shows the
ﬁt to the histogram obtained assuming a normal distribution with a standard deviation σg . Although not ideal, the
Gaussian ﬁt to the distribution looks reasonable and has a width very close to unity as indicated (σg = 1.024). The
distribution in black has stronger wings, suggesting that there are more outliers than expected from a strictly normal
distribution. Instead of the 99.7% expected from a pure Gaussian, 90% of the residuals plotted in Figure 7 lie within
±3σg . The relatively high number of outliers could be a result of the inaccuracies in our model (e.g., assumption of a
constant expansion factor Aexp , neglecting the contribution from spots, and a slight mismatch between the observed
and modeled spectra) and/or problems in the S-index data.
4. EFFECT OF THE INCLINATION

So far we focused on the Sun as observed from the ecliptic plane, corresponding to an inclination of 90° (the 7.25°
angle between the solar equator and the ecliptic has been neglected, which leads to a very weak periodic half-yearly
diﬀerence between the observed and modeled S-index). In this section we explore the impact of the inclination on
the solar S-index. Since solar active regions tend to emerge within the so-called activity belts (e.g., most of the spots
emerge at latitudes between ±5° and ±30°), a change in the inclination angle strongly aﬀects the distribution of active
regions on the visible solar disk. To quantify such changes, we have to resort to numerical simulations, as out-of-ecliptic
observations are not available for the Sun.
To this end, we follow the approach described in Nèmec et al. (2020a,b), who used a surface ﬂux transport model
(SFTM; in the form introduced by Cameron et al. 2010). The SFTM is an advective-diﬀusive model, which describes
the passive transport of the radial component of the magnetic ﬂux on the stellar surface under the inﬂuence of
the diﬀerential rotation and the meridional ﬂow. In the SFTM, the magnetic ﬂux emerges in the form of bipolar
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Figure 8. 81-day running averages of the S-index during solar cycles 21 − 23 for i = 90° (equator-on view; black), i = 60° (red),
i = 30° (green), and i = 0° (pole-on view; purple).

Figure 9. Dependence of the S-index on the inclination for solar cycle 23. Panel (a): S-index at the cycle minimum (black
symbols), cycle maximum (orange symbols) and cycle average (red symbols). Panel (b): cycle amplitude. The dashed lines
indicate the inclination averaged values. The dotted lines show the fits to the inclination dependent curves obtained using the
function in Equation (10).

active regions. The emergence characteristics of these regions are determined using the semi-empirical sunspot-group
record of Jiang et al. (2011) for the period 1700 − 2010. The statistical properties of sunspots (e.g., tilt-angles,
latitudinal distribution etc.) in this semi-empirical sunspot-group record reﬂect those of the sunspot record of the
Royal Greenwich Observatory. In Nèmec et al. (2020b), the latitudes, numbers, and tilt-angle distributions of the
emergences from Jiang et al. (2011) are preserved, but the active regions are made to emerge at random longitudes.
This randomization is essential to circumvent asymmetries between the near- and far- side of the Sun (for an Earthbound observer) and thus is ideal for studying the inclination eﬀect, on both the rotational and the activity cycle
timescales (for further details, see Nèmec et al. 2020a,b).
In this section we use the same approach as in Section 3 to compute the S-index, but replace the fractional area
coverages in Figure 3 deduced from ecliptic-bound observations with those calculated by Nèmec et al. (2020b) for
the period 1700 − 2010, which can be re-sampled to various inclinations. As described in Section 2.3 we neglect the
sunspot contribution to the S-index, so that the eﬀect of inclination is fully attributed to the changes in fractional
area coverage of faculae on the visible solar disk and the CLV of the facular contrast in H, K, R, and V passbands
(see Figure 2). Throughout the rest of the paper, we denote the inclination angle as ‘i’ with i = 90° representing the
equator-on view and i = 0° the North pole-on view.
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While comparing the fractional disk area coverages of faculae obtained from the SFTM for i = 90° with those shown
in Figure 3, we noticed that the SFTM values were on an average 2% lower relative to the observed fractional areas
in Figure 3. This is because of the absence of the ephemeral regions in the SFTM model we used (see a detailed
discussion in Dasi-Espuig et al. 2016). An oﬀset between the observed S-index values and those computed from our
model was introduced by the missing ephemeral regions, so that the S-index from our model were slightly lower than
the observed one. The amplitudes of the cycles in the S-index, however, remained comparable to the observed ones.
To compensate for the reduced S-index values due to the missing ephemeral regions, we scaled the calibration constant
αc until we closely matched the observed S-index values shown in Figure 5. The new value of the calibration constant
is αc = 2.53, which holds for all the results presented in this section.
4.1. Variations on the activity cycle timescale
In Figure 8, we show the 81-day smoothed means of the S-index values obtained for the solar cycles 21 − 23
for diﬀerent inclinations. The amplitude of the S-index variation over the activity cycle decreases with decreasing
inclination (i.e. when going from the ecliptic to pole-on view). There are two eﬀects which contribute to this decrease.
First, the fraction of the visible disk covered by faculae decreases when the Sun is viewed from out of the ecliptic
plane. Indeed, solar active regions preferably emerge at low and intermediate latitudes. Consequently, a shift of the
observer from the equatorial plane leads to active regions emerging closer to the visible limb, so that their visible
areas are reduced by the foreshortening eﬀect. Second, as shown in Figure 2, while the facular contrast in the line
core passbands K and H increases strongly towards the limb, the magnitude of the increase is relatively small (e.g.,
in comparison to the increase of the contrast in pseudo-continuum bands R and V). Such a moderate increase of the
contrast cannot compensate the foreshortening eﬀect so that the shift of facular regions towards the limb reduces the
emission in the K and H passbands, while having only a minor eﬀect on R and V passbands. This behaviour leads to a
decrease of the facular contribution to S-index (which is a disk integrated quantity) and, consequently, the amplitude
of the S-index variability on the activity cycle timescale. We note an opposite behaviour of photometric variability
in the visible spectral domain (e.g. measured in the Strömgren ﬁlters) with inclination (see, e.g. Knaack et al. 2001;
Shapiro et al. 2014; Witzke et al. 2018). The facular contrast in the visible spectral domain strongly increases towards
the limb (similarly to the increase of the contrast in pseudo-continuum bands R and V, see left panel of Figure 2),
overcompensating the foreshortening eﬀect. As a result, the amplitude of the activity cycle in Strömgren ﬁlters
increases with decreasing inclination. Interestingly, Figure 8 shows that during the activity minimum, the S-index
increases slightly when the star is observed from closer to the poles. This is attributed to the increased contribution
from the polar network to the S-index. The poleward migration of the magnetic ﬁelds to latitudes above ±60° leads
to the build up of the polar ﬂux (Hathaway 2015).
Focusing on cycle 23, we now quantify the S-index dependence on the inclination in more detail. For this cycle, we
deﬁne the minimum and maximum values of the S-index as annual averages over the year 1996 and over the period
2000.5 − 2001.5, respectively. The cycle 23 minimum and maximum values for various inclinations are shown as black
and orange symbols, respectively, in Figure 9a. The cycle averaged values, deﬁned as the average over daily values
during the period 1996–2009 for a given inclination, are shown by red symbols. In Figure 9b, we show the amplitude
of the S-index variations, deﬁned as the diﬀerence between the cycle maximum and cycle minimum S-index values.
The maximum S-index value over the activity cycle decreases gradually as the inclination changes from the equator-on
case to the pole-on case. This decrease is attributed to the decrease in the coverage of the disk visible to the observer
by faculae. However, the trend is opposite for the minimum (also visible in Figure 8). The S-index minimum values
increase very slowly due to the enhanced amount of kG ﬁeld magnetic ﬂux in the polar regions. Such polar magnetic
ﬁeld concentrations forming polar network contribute to the area coverage by plage, thus leading to an increase in
the S-index. The cycle averages follow the same trend as the cycle maximum, as does the amplitude of the S-index
variations. The horizontal dashed lines show the values averaged over all inclinations computed using (as done by
Nèmec et al. 2020a)
P90
i=0 Si sin(i)
,
(9)
Sincl avg = P
90
i=0 sin(i)
where the weighting factor sin(i) corresponds to the probability that a star is observed at inclination ‘i’. Interestingly,
the intersection of the inclination-dependent curves with those averaged over inclinations occurs very close to i = 57°,
in spite of the trend in the S-index variation being opposite in the cycle maximum and minimum. This value of 57°
is often used in the literature to characterize the intermediate case between equator-on and pole-on views (Schatten
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1993; Radick et al. 1998; Knaack et al. 2001). All in all, Figure 9 shows that the inclination averaged S-index is well
represented by the S-index at i = 57°. The simpliﬁcation of using S-index at i = 57° therefore appears to be reasonable
when dealing with a sample of stars having a random distribution of inclinations.
The dependence of the cyclic variability of the S-index as well as the absolute value of the S-index on inclination
can be approximated by a logistic function of the form
Q(i) = A +

B
,
1 + exp [−C(i + D)]

(10)

where A, B, C, D are constants and Q(i) = {Smin(i), Smax (i), Savg (i), ∆S(i)}. The dotted lines in Figure 9 show the ﬁts
to the inclination dependent curves obtained with this function. The best ﬁt values of the constants in Equation (10)
for the four curves in Figure 9 are given in Table 3.
Table 3. Best fit values of the constants in Equation (10) corresponding to the dotted lines in Figure 9.
Parameter

A

B

C

D

Smin
Smax
Savg
∆S

+0.162
+0.173
+0.167
+0.010

−0.001
+0.002
+0.001
+0.003

+0.052
+0.132
+0.130
+0.106

−66.617
−46.025
−43.703
−48.288

4.2. Variations on the rotational timescale
In Figure 10, we show the time series of the S-index going back to 1700 for inclinations of 90°, 60°, 30°, and 0°.
These ﬁgures have the same y-scale to facilitate a visualization of the inclination eﬀects. The orange dots in the upper
panels are the daily S-index values and the green curves are the corresponding 81-day running averages. The residuals
i.e. the diﬀerence between the daily and the 81-day smoothed values (Sdaily − S81d−mean ), representing the S-index
variability on the rotational timescale, are plotted in the lower panels. The numbers at the bottom of each panel mark
the number of the solar cycle. The Figure suggests that stronger cycles (such as cycle 19), during which the number
of active regions emerging at the solar surface is higher, show stronger S-index variations compared to weaker cycles
(such as cycle 6), which witness the emergence of relatively less active regions. A few outliers seen in the residuals
may correspond to large active region.
It is evident that, while the amplitudes of both the activity cycle and the rotational variability in the S-index decrease
as the inclination decreases, the drop in the amplitude of the rotational variability is much stronger. In particular,
for the pole-on view (i = 0°), the scatter in the residual is much lower. This is because the rotation induced changes
in the fractional coverage by faculae decreases as the inclination decreases and the variation produced by rotation
disappears at i = 0° (see e.g. Figure 7 of Nèmec et al. 2020a). At i = 0° the faculae simply move along in circles
staying at roughly the same limb distances instead of crossing all µ values as at i = 90° . In order to better illustrate
this decline in the S-index rotational variability, we use the metric S30 , similar to the R30 metric used to quantify
the photometric variability (Basri et al. 2013). To compute S30 , we divide the time series of daily S-index values over
the period 1755 − 2010 into 30-day segments. We then take the maximum and minimum S-index values within each
segment and divide their diﬀerence by the mean value in the segment. Since our calculations do not suﬀer from the
measurement noise (unlike observations), we directly take the diﬀerence between the extrema, instead of taking the
diﬀerence between the 5th and 95th percentile values in the segment as done by Basri et al. (2013).
In Figure 11a, we plot the time averaged rotational variability denoted by hS30 i as a function of inclination for cycle 6
(i.e. 1810 − 1822, red), cycle 14 (1902 − 1913, orange), cycle 19 (1954 − 1964, purple), and cycle 23 (1996 − 2009, green).
The black curve labeled as full time series is obtained by computing hS30 i over the period 1755 − 2010, covering cycles
1 − 23 (see Figure 12 for the variation of hS30 i corresponding to i = 90° across all 23 solar cycles). We neglected the
values before 1755 as the sunspot record in that period is less reliable due to the scarcity of sunspot number data (see
e.g. Chatzistergos et al. 2017; Muñoz-Jaramillo & Vaquero 2019, for more details). Figure 11a shows that the mean
level of the rotational variability decreases more strongly (by about 81% for cycle 23) with decreasing inclination than
the reduction in the variability over the solar cycle (which is about 22%, see Figure 9). In addition, we see that hS30 i
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does not vanish for i = 0° in spite of solar rotation not contributing to the variability when the solar disk is viewed
pole-on. This is due to the emergence and the evolution of faculae on the visible solar disk during their lifetime, which
is typically days to months. Stronger cycles show a higher level of the variability than weaker cycles, and the level of
the variability for the full 1700 − 2010 time series lies between that of the two intermediate strength cycles 14 and 23.
Figure 11b shows the hS30 i values normalized to the corresponding values at i = 90°. The diﬀerences in the inclination
eﬀect between the cycles (e.g. compare red and purple curves in Figure 11b) are due to the fact that stronger cycles
reach to higher latitudes (e.g. Solanki et al. 2008) and the faculae are better visible from vantage points near the poles
during these cycles.
The dependence of the rotational variability on the inclination can be surprisingly well approximated by a simple
function of the type
hS30 i(i) = c1 + c2 sin(i) ,
(11)
where c1 and c2 are constants. The ﬁt to the rotational variability for the full time series using the above function with
c1 = 0.003 and c2 = 0.018 is shown by the black dotted curve in Figure 11a. The rotational variability normalized to
the value at i = 90° for the diﬀerent activity cycles and the full time series are plotted in Figure 11b. The black dotted
curve indicates the ﬁt to the full time series for which c1 = 0.154 and c2 = 0.846 have been used.
Figure 12a presents the rotational variability (hS30 i) and the amplitude of the cycle in S-index (∆S) as a function
of the solar cycle number, while Figure 12b presents the rotational variability of S-index as a function of its cyclic
variability. One can see that the variability on both timescales depends on the strength of the activity cycle. We see a
clear correlation between the variability of S-index on the rotational and magnetic activity cycle timescales (the linear
Pearson correlation coeﬃcient is 0.87).
4.3. Is the Sun anomalous in its chromospheric activity?
In this section, we discuss the eﬀect of the inclination on the chromospheric emission variation (σS ) and the mean
level of the chromospheric activity (hSi), focusing on the place of the Sun among other Sun-like stars. σS is deﬁned as
the standard deviation of the annual averages of the S-index in a given time period and hSi as the mean of the annual
averages in the S-index in that same period. The analysis of Sun-like stars by Radick et al. (1998) indicated a linear
dependence (on a log-log scale) of σS on hSi. Interestingly, the solar σS was higher than what the linear dependence
suggested (see also Lockwood et al. 2007). Such a curious behaviour of the Sun was thought to be caused, to a large
part, by the amplitude of the S-index being calculated for strong solar cycles (namely, cycles 21 and 22). Indeed, when
Radick et al. (2018) included the weaker solar cycle 24, the location of the Sun shifted closer to the linear dependence
but still remained above it. Recently, Gomes da Silva et al. (2020) rekindled the interest in this problem by comparing
the solar data from Mamajek & Hillenbrand (2008, obtained during solar cycles 20–23) to 1674 FGK stars observed
by HARPS. They found that the Sun is located in the high chromospheric emission variability side of the distribution
of inactive main-sequence stars. Our model produces the S-index time series for all possible inclinations and over
a range of solar cycles with diﬀerent strengths. This enables us to investigate whether the variability of the solar
chromospheric emission is, indeed, overly strong in comparison to stars with near-solar magnetic activity.
In Section 4.1 we showed that the amplitude of the cycle in S-index is aﬀected by the inclination (in particular, the
amplitude is found to be strongest for the Sun observed at an inclination of 90°). Furthermore, our approach allows
us to calculate σS and hSi for cycles back to 1755 which in turn allows us to provide the solar cycle amplitude in the
S-index for cycles of diﬀerent strength (as given by the sunspot number). This gives us a chance to illustrate how solar
σS and hSi change with the inclination and the activity level. The approach that we take to compute these changes
is as follows: (i) compute the annual averages of the S-index in the period covering solar cycles 1 − 23; (ii) for each
cycle, compute the mean (hSi) and the standard deviation (σS ) of the annual averages; (iii) repeat the ﬁrst two steps
for all 10 inclinations (we note however that the eﬀect of inclination on hSi is very small compared to that on σS );
′
and (iv) transform these values to the RHK
scale following the steps described in Section 3.2.
Figure 13 shows the chromospheric emission variation as a function of the mean chromospheric activity and is
adapted from Figure 11a of Radick et al. 2018 (in Figure 13 we have neglected the sample of Lockwood et al. (2007)
originally present in Figure 11a of Radick et al. 2018 and have added our results obtained following the steps described
above). The upper bounds for the gray shaded areas are set by the strongest cycle (solar cycle 19) at the 90° inclination
and the lower bounds by the weakest cycle (solar cycle 6) at 0° inclination. It is clear from this ﬁgure that the Sun
exhibits a wide range of chromospheric emission variations depending on the strength of the activity cycle and the
inclination of its rotation axis relative to the observer. For an intermediately strong solar cycle 23, the inclination

Figure 10. Simulated time series of the S-index back to 1700 for inclination i = 90°. Panels (a-d): daily values of the S-index (orange dots) and the 81 day running
mean values (green curve). Panel (e-h): the difference between the daily and 81 day smoothed S-index values (residual). Solar cycle numbers are indicated at the
bottom of each panel.
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Figure 11. S-index variability on the rotational timescale, expressed in terms of hS30 i (panel a) and the variability normalized
to the respective value at i = 90° (panel b), averaged over all 23 cycles (black), cycle 6 (red), cycle 14 (orange), cycle 19 (purple),
and cycle 23 (green). Dotted black curves are the fits to the full time series in black obtained using the functions indicated in
the panels.

might change σS by up to 30%. Interestingly, depending on the period of observations the Sun could appear below
and above stellar regression line (dashed line in Figure 13) with the mean solar level being very close to the regression
line. This result unambiguously proves that solar chromospheric emission variation is absolutely normal with respect
to other stars with near-solar activity.
5. CONCLUSIONS

We have developed a physics-based model based on the SATIRE approach to calculate the S-index and its variations
with solar activity and to quantify the eﬀect of the stellar inclination on the S-index. To validate our model, we used
the observed surface area coverages of solar faculae from SATIRE-S (Yeo et al. 2014) in combination with the non-LTE
spectra synthesized from the RH code. Our model reproduced the observed variation of the S-index for solar cycles
21 − 24 in the composite produced from Bertello et al. (2016) both on the rotational and activity cycle timescales. In
particular, we showed that the cycle parameters such as the minimum, maximum, average, and amplitude, calculated
with our model are in close agreement with those obtained using the composite of Bertello et al. (2016) and found by
Egeland et al. (2017a).

Figure 12. Panel (a): variations of hS30 i (black) and ∆S (red) across 23 solar cycles and for i = 90°. Panel (b): scatter plot
of hS30 i and ∆S values shown in panel (a), with the blue line showing the linear fit to the data. The linear Pearson correlation
coefficient is 0.87.
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Figure 13. Chromospheric emission variation as a function of mean chromospheric activity. This figure is based on Figure 11a
of Radick et al. (2018). Black star symbol corresponds to the Sun, as marked by Radick et al. (2018) and black circles to other
stars in their sample. Overplotted red star symbols are the solar values for all 10 inclinations and for each of the 23 solar cycles.
The gray shaded areas highlight the entire range of the variability spanned by all 23 cycles at all inclinations. See Section 4.3
for more details.

We have also studied how the amplitudes of the activity and rotational cycles in the S-index depend on stellar
inclination. Due to the lack of observations of the Sun out of the ecliptic plane, we made use of the surface distribution
of faculae simulated with a SFTM (Nèmec et al. 2020a,b). We found that the amplitude of the S-index averaged over
a moderately strong activity cycle decreases by about 22% when the inclination changes from an equator-on view to a
pole-on view. This is due to the decrease in the facular area coverage on the visible disk. In addition, the foreshortening
eﬀect dominates over the relatively small increase of the facular contrast in the H and K passbands towards the limb,
leading to a reduced Ca ii H & K emission closer to the limb. The amplitude of the rotational variability in the S-index
decreases much more, by about 81% with decreasing inclination. Both the activity and rotational cycles in the S-index
depend on the strength of the magnetic activity cycles. We also found that the inclination dependence of the activity
cycles in S-index can be modeled by a logistic function while the rotational cycles in the S-index can be described by
a simple linear function that depends on sin(i).
Finally, we investigated the inﬂuence of the inclination on the relationship between the mean level and the variation of
the chromospheric emission. Such a relationship was found for sun-like stars on the lower main sequence (Radick et al.
2018). To allow a more realistic comparison of the chromospheric activity of the Sun with other sun-like stars which
are observed at random inclinations, we calculated S-index for 10 inclinations and each of the 23 solar cycles. This
helped us to assess the potential range spanned by the chromospheric activity variations, if the Sun were observed at
an arbitrary inclination and during an arbitrary activity cycle. We found that depending on the inclination and the
period of observations, the activity cycle in solar S-index can appear weaker or stronger than in stars with a solar-like
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level of magnetic activity. We thus conclude that there is nothing unusual about the solar chromospheric emission
variations in the context of stars with near-solar magnetic activity.
Further detailed studies are needed to explore the dependence of the S-index on the stellar fundamental parameters
such as the eﬀective temperature, surface gravity, and metallicity. For example, the eﬀective temperature of a star
deﬁnes the ﬂux in the pseudo-continuum region and thus directly aﬀects the S-index. While this was taken into
′
account when introducing the derivative index RHK
(Noyes et al. 1984; Rutten 1984), which makes the comparison
of the chromospheric activity of stars of diﬀerent spectral classes easier, it has not been investigated to what extent
a change of the eﬀective temperature and metallicity also aﬀects the radiative transfer in the Ca ii H & K emission
and pseudo-continuum. In a future study we plan to extend our model to investigate the eﬀect of stellar fundamental
parameters on the intricate relationship between the stellar magnetic activity and the Ca ii H & K emission.
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APPENDIX

A. COMPARISON OF QUIET SUN AND PLAGE SPECTRA

Figure A1 shows a comparison between the plage spectra (blue) and the quiet-Sun spectra (red) calculated for the
disk-center (panels a–c) and integrated over the solar disk (panels d–f). The quiet-Sun spectrum is calculated with
model FALC99 from Fontenla et al. (1999) and is identical to that shown in Figure 1. The plage spectrum is calculated
with the FALP99 model from Fontenla et al. (1999). The cores of the H and K lines form in the chromosphere and
their proﬁles are substantially diﬀerent in the two model atmospheres, as can be seen in panels b, c, e, and f (see also
Shine & Linsky 1972). The non-thermal heating due to magnetic ﬁelds, empirically taken into account in FALP99,
leads to prominent emissions in the line cores (see K2 and H2 features in plage spectra). The wavelengths in the
pseudo-continuum bands form in the photosphere where the two model atmospheres return similar spectra.
The temperature diﬀerence between the FALC99 and FALP99 atmospheres increases with height (see also
Shine & Linsky 1974). In the disk-integrated case, the emission forms on average higher in the atmosphere as compared to the disk center. As a result of this, the contrasts are higher for the disk-integrated spectra (see panel d). We
note that some background spectral lines in the disk-integrated spectra are seen in emission (e.g. the hydrogen line
in panel f at 3969.4 Å). In our spectral synthesis, these lines are treated in LTE. For smaller µ values (i.e, closer to
the limb), they form in the chromosphere. This leads to an increase in the source function with height thus leading to
the spurious emissions. The S-index calculations however are not aﬀected by them since such spurious emissions fall
outside the passbands of relevance.
B. EFFECT OF MACROTURBULENCE ON THE QUIET SUN AND PLAGE SPECTRA

Figure B2 shows the eﬀect of macroturbulent velocity ﬁelds on the Ca ii H & K line proﬁles. The disk-integrated
proﬁles synthesized using RH are convolved with a Gaussian proﬁle having a FWHM of 120 mÅ. This width corresponds
to a macroturbulent velocity of ∼ 9 kms−1 . Such velocity ﬁelds lead to a broadening of the line core thereby bringing
down the enhanced emission in the K2 and H2 features, as illustrated in the ﬁgure. The smearing of the Ca ii H & K
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Figure A1. Comparison between the quiet Sun (red) and the plage spectra (blue) synthesized with the RH code. Panels (a),
(b), and (c) show the disk-center spectra while the disk-integrated spectra are shown in panels (d), (e), and (f). The gray shaded
regions and the dashed lines have the same meaning as in Figure 1.

proﬁles caused by the macroturbulent velocity ﬁelds leads to a better agreement between the synthetic and the observed
proﬁles as shown in panels (a) and (b). However, the eﬀect of macroturbulence on the S-index is negligible.
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