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Quantum refresh & intro
a short intro/reminder of properties and peculiarities

(hopefully) useful to understand the Quantum Computing
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Overview
• Quantum: why and how 
• wave/particle behaviour  
• interference  
• wave function, probabilistic interpretation 
• superposition, Qbit, entanglement, EPR & Bell inequalities  
• quantum computing: notation and circuits vs hardware 
• list of some applications in astronomy/cosmology
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Famous double slit experiment

This happens also for single particles! (one at a time)
Light in Mach–Zehnder interferometer produces 
interference (wave-like behavior) even when being 
detected one photon at a time (particle-like behavior).

Copenhagen probabilistic interpretation 
[relational interpretation, many worlds, De Broglie--Bohm]  
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Quantum states, represented by Dirac’s ket, , evolve in time according to the Schrödinger 
equation: 

                                                   

This implies that time evolution is described by unitary transformations: , with  is 
an unitary operator (matrix),   where  is the quantum state (wavefunction) and H is 

Hamiltonian.  is the hermitian conjugate (array is transposed and complex conjugated), 

 

       

                                                 

This theory, which has been extensively tested by experiments, is probabilistic in nature.  
The outcomes of measurements on quantum systems are not deterministic. 
Between measurements, quantum systems evolve according to linear equations (the Schrödinger 
equation). 
This means that solutions to the equations obey a superposition principle: linear combinations of 
solutions are still solutions.
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Quantum Bit  Qubit 

• Since quantum systems evolve according to linear equations (the Schrödinger 
equation), linear combinations of solutions are also solutions.  

• So, for the state of a qubit  and , its superposition also describes a state 

• The general form of a qubit state can be represented by:   

where  and  are complex numbers that specify the probability amplitudes of the 
corresponding states. 

•  gives the probability that you will find the qubit in the “off”   state;  
gives the probability that you will find the qubit in the “on”  state. 

• Normalization condition: 

→

|0⟩ |1⟩

α0 |0⟩ + α1 |1⟩

α0 α1

|α0 |2 |0⟩ |α1 |2

|1⟩

|α0 |2 + |α1 |2 = 1

|ψ⟩ = eiγ [cos ( θ
2 ) |0⟩ + eiϕ sin ( θ

2 ) |1⟩]
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So electrons with spin 1/2 have two states. However, recall that the photon has 1 spin but only two states of 
polarisation (helicity) because it moves at c. 
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Two level system eigenstates:  or   (spin down or up)

eigentstate components  

|ψ⟩ = |0⟩ |ψ⟩ = |1⟩

|0⟩ = (1
0) ; |1⟩ = (0

1)

Typical notation

|ψ⟩ = eiγ (cos ( θ
2 ) |0⟩ + eiϕ sin ( θ

2 ) |1⟩)

Bloch sphere

⟨ψ |ψ⟩ = |ψ |2 = 1

density operator 

⃗a = (sin θ cos ϕ, sin θ sin ϕ, cos θ)

ρ =
1
2 (I + ⃗a ⋅ ⃗σ)  Pauli matrices ⃗σ

ρ =
1
2 (I + ⃗a ⋅ ⃗σ)

⃗a = (ax, ay, az) = (u, v, w)

ρ =
1
2 (

1 + az ax − iay

ax + iay 1 − az )
ρ =

1
2 (1 + w u − iv

u + iv 1 − w) R ̂n(θ) = exp (−iθ ̂n ⋅ ⃗σ/2)Rotation along versor ̂n
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Shafique et al.: Quantum Computing: Circuits, Algorithms, and Applications

A. QUBITS
In classical computing, a bit is analogous to a binary light
switch, capable of assuming only two discrete states: 0 or
1, without any intermediary values. In contrast, for quan-
tum computing, a quantum bit (qubit) operates more like
a dimmer switch. It possesses not just the 0 and 1 states
but also the ability to exist in an intermediate state, which
is a linear combination of the 0 and 1 states, weighted by
specific coefficients. These coefficients are used to calculate
the probability of measuring either the 0 or 1 state when
measured.

1) Bra-ket notation
Qubit is a quantum computing particle that has a wave-like
nature with wavefunction ω(x) that satisfies the Schrödinger
equation. Theoretically, this wavefunction exists in an in-
finite dimensional Hilbert dual space [35]. Therefore, the
state vector representing this wavefunction in Hilbert space
requires an infinite dimensional vector notation. This infinite
dimensional vector state of the qubit in Hilbert dual space
is shown using Dirac’s bra-ket notation, which was created
by Paul Dirac in 1939 [36]. However, it can also be a finite-
dimensional vector having two states, on/off or spin-up/spin-
down, which can be shown in two-dimensional Hilbert space.
In this notation, two-dimensional state vectors |1→ (read ket
one) and |0→ (read ket zero) are used for qubit.

|0→ = 1|0→+ 0|1→ ↑
[
1

0

]
(1)

|1→ = 0|0→+ 1|1→ ↑
[
0

1

]
(2)

In the equation (1), ket zero shows that the qubit is at an
off or spin-down state. Here, the first element represents the
probability amplitude of off or spin down, and the second
element shows the probability amplitude of on or spin up.
Probability amplitude can be a complex value and it is used
to compute the probabilities of vector states. Additionally, in
Dirac’s notation, the bra is a complex conjugate transpose of
a ket. For example, ↓ε| (read bra of ε) is a complex conjugate
transpose vector of ket ω. The inner product of these two
vectors ↓ε|ω→ is a scalar value [37]. The symbol “|→” denotes
a column vector, and is known as a “ket”. The “bra” (↓|) form
is a row vector and it is shown below:

↓0| = 1↓0|+ 0↓1| ↑
[
1 0

]
(3)

↓1| = 0↓0|+ 1↓1| ↑
[
0 1

]
(4)

The ket notation is widely used in quantum computing as
bra-ket representation of the qubit. The following two states
(|0→+ |1→)/

↔
2 and (|0→ ↗ |1→)/

↔
2 are also commonly used

in quantum calculations and these are sometimes written as
|+→ and |↗→, respectively.

A single qubit is also called a two-level quantum system
because it is a linear combination of two state basis, 0 and
1. Below is the common form of a single qubit in bra-ket
notation.

|v→ = v0|0→+ v1|1→ = v0

[
1

0

]
+ v1

[
0

1

]
=

[
v0
v1

]
(5)

Here vo and v1 are complex coefficients to measure prob-
ability amplitudes. The probability and the phase of each
computational state basis for a qubit can be computed as
follows:

For state basis |0→ with complex coefficient vo = x+ i ↘ y

probability amplitude = |vo| (6)

|vo| =
√

(x+ i · y) ↘ (x↗ i · y) =
√

x2 + y2 (7)

probability = |vo|2 (8)

phase(rad) = tan→1 y

x
(9)

phase (degree) = phase (rad) ↘ (180/ϑ) (10)

The probability amplitude is used to calculate the proba-
bility of each state basis of the qubit which helps in the
measurement of the qubit state. Similarly, phase is used for
quantifying interference. The concepts of measurement and
interference are explained in the following sections of the
paper. If the complex coefficients are normalized, then they
represent the probability of the qubit for 0 and 1 state

|vo|2 + |v1|2 = 1 (11)

This is known as the normalization constraint since all
two-level systems must obey this quality to function as a
qubit.

For two or multiple qubits, the tensor product (or Kro-
necker product) is used to compute the resultant states of
the quantum system. The tensor product is denoted by the
symbol ≃. Let us consider two qubits |a→ and |b→ as

|a→ =
[
a0
a1

]
and |b→ =

[
b0
b1

]
(12)

The tensor product of the two qubits is

|x→ = |a→ ≃ |b→ = |ab→ (13)

|x→ =





a0 ↘
[
b0
b1

]

a1 ↘
[
b0
b1

]




=





a0b0
a0b1
a1b0
a1b1




=





x0

x1

x2

x3




(14)

|x→ = a0b0|00→+ a0b1|01→+ a1b0|10→+ a1b1|11→ (15)

|x→ = x0|00→+ x1|01→+ x2|10→+ x3|11→ (16)
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is a linear combination of the 0 and 1 states, weighted by
specific coefficients. These coefficients are used to calculate
the probability of measuring either the 0 or 1 state when
measured.

1) Bra-ket notation
Qubit is a quantum computing particle that has a wave-like
nature with wavefunction ω(x) that satisfies the Schrödinger
equation. Theoretically, this wavefunction exists in an in-
finite dimensional Hilbert dual space [35]. Therefore, the
state vector representing this wavefunction in Hilbert space
requires an infinite dimensional vector notation. This infinite
dimensional vector state of the qubit in Hilbert dual space
is shown using Dirac’s bra-ket notation, which was created
by Paul Dirac in 1939 [36]. However, it can also be a finite-
dimensional vector having two states, on/off or spin-up/spin-
down, which can be shown in two-dimensional Hilbert space.
In this notation, two-dimensional state vectors |1→ (read ket
one) and |0→ (read ket zero) are used for qubit.

|0→ = 1|0→+ 0|1→ ↑
[
1

0

]
(1)

|1→ = 0|0→+ 1|1→ ↑
[
0

1

]
(2)

In the equation (1), ket zero shows that the qubit is at an
off or spin-down state. Here, the first element represents the
probability amplitude of off or spin down, and the second
element shows the probability amplitude of on or spin up.
Probability amplitude can be a complex value and it is used
to compute the probabilities of vector states. Additionally, in
Dirac’s notation, the bra is a complex conjugate transpose of
a ket. For example, ↓ε| (read bra of ε) is a complex conjugate
transpose vector of ket ω. The inner product of these two
vectors ↓ε|ω→ is a scalar value [37]. The symbol “|→” denotes
a column vector, and is known as a “ket”. The “bra” (↓|) form
is a row vector and it is shown below:

↓0| = 1↓0|+ 0↓1| ↑
[
1 0

]
(3)

↓1| = 0↓0|+ 1↓1| ↑
[
0 1

]
(4)

The ket notation is widely used in quantum computing as
bra-ket representation of the qubit. The following two states
(|0→+ |1→)/

↔
2 and (|0→ ↗ |1→)/

↔
2 are also commonly used

in quantum calculations and these are sometimes written as
|+→ and |↗→, respectively.

A single qubit is also called a two-level quantum system
because it is a linear combination of two state basis, 0 and
1. Below is the common form of a single qubit in bra-ket
notation.

|v→ = v0|0→+ v1|1→ = v0

[
1

0

]
+ v1

[
0

1

]
=

[
v0
v1

]
(5)

Here vo and v1 are complex coefficients to measure prob-
ability amplitudes. The probability and the phase of each
computational state basis for a qubit can be computed as
follows:

For state basis |0→ with complex coefficient vo = x+ i ↘ y

probability amplitude = |vo| (6)

|vo| =
√

(x+ i · y) ↘ (x↗ i · y) =
√

x2 + y2 (7)

probability = |vo|2 (8)

phase(rad) = tan→1 y

x
(9)

phase (degree) = phase (rad) ↘ (180/ϑ) (10)

The probability amplitude is used to calculate the proba-
bility of each state basis of the qubit which helps in the
measurement of the qubit state. Similarly, phase is used for
quantifying interference. The concepts of measurement and
interference are explained in the following sections of the
paper. If the complex coefficients are normalized, then they
represent the probability of the qubit for 0 and 1 state

|vo|2 + |v1|2 = 1 (11)

This is known as the normalization constraint since all
two-level systems must obey this quality to function as a
qubit.

For two or multiple qubits, the tensor product (or Kro-
necker product) is used to compute the resultant states of
the quantum system. The tensor product is denoted by the
symbol ≃. Let us consider two qubits |a→ and |b→ as

|a→ =
[
a0
a1

]
and |b→ =

[
b0
b1

]
(12)

The tensor product of the two qubits is

|x→ = |a→ ≃ |b→ = |ab→ (13)

|x→ =





a0 ↘
[
b0
b1

]

a1 ↘
[
b0
b1

]




=





a0b0
a0b1
a1b0
a1b1




=





x0

x1

x2

x3




(14)

|x→ = a0b0|00→+ a0b1|01→+ a1b0|10→+ a1b1|11→ (15)

|x→ = x0|00→+ x1|01→+ x2|10→+ x3|11→ (16)
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0

]
(1)

|1→ = 0|0→+ 1|1→ ↑
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0
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In the equation (1), ket zero shows that the qubit is at an
off or spin-down state. Here, the first element represents the
probability amplitude of off or spin down, and the second
element shows the probability amplitude of on or spin up.
Probability amplitude can be a complex value and it is used
to compute the probabilities of vector states. Additionally, in
Dirac’s notation, the bra is a complex conjugate transpose of
a ket. For example, ↓ε| (read bra of ε) is a complex conjugate
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bra-ket representation of the qubit. The following two states
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2 and (|0→ ↗ |1→)/

↔
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in quantum calculations and these are sometimes written as
|+→ and |↗→, respectively.

A single qubit is also called a two-level quantum system
because it is a linear combination of two state basis, 0 and
1. Below is the common form of a single qubit in bra-ket
notation.

|v→ = v0|0→+ v1|1→ = v0

[
1
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+ v1

[
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1
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=
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]
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Here vo and v1 are complex coefficients to measure prob-
ability amplitudes. The probability and the phase of each
computational state basis for a qubit can be computed as
follows:

For state basis |0→ with complex coefficient vo = x+ i ↘ y

probability amplitude = |vo| (6)
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The probability amplitude is used to calculate the proba-
bility of each state basis of the qubit which helps in the
measurement of the qubit state. Similarly, phase is used for
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and the normalization constraint rule for the two qubits
will be the same as follows:

|a0b0|2 + |a0b1|2 + |a1b0|2 + |a1b1|2 = 1 (17)

Similarly for 3-qubits, if |c→ =

[
c0
c1

]
then the tensor

product of the three qubits is

|y→ = |ab→ ↑ |c→ = |abc→ (18)

|y→ =





a0b0 ↓
[
c0

c1

]

a0b1 ↓
[
c0

c1

]

a1b0 ↓
[
c0

c1

]

a1b1 ↓
[
c0

c1

]





=





a0boc0
a0boc1
a0b1c0
a0b1c1
a1boc0
a1boc1
a1b1c0
a1b1c1





=





y0
y1
y2
y3
y4
y5
y6
y7





(19)

The same method will be used to combine n qubits, and
normalization constraint rules for n-qubits will be given as in
equation (20). ∑

|vi|2 = 1 (20)

If we have n qubits, we will need to keep track of 2n complex
probability amplitudes. As we can see, these vectors grow
exponentially with the number of qubits. This is the reason
quantum computers with large numbers of qubits are so
difficult to simulate in classical computers. A modern laptop
can easily simulate a general quantum state of around 20
qubits, but simulating 100 qubits is too difficult even for the
largest supercomputers.

2) Bloch sphere notation
The Bloch sphere is a mathematical representation of a given
quantum state of a qubit, with which researchers can pinpoint
and manipulate various such states within the sphere to their
advantage. Three qubits |1→, |↔→ and, |ω→ are shown in Bloch
sphere representation in Figure 1.

B. QUANTUM SUPERPOSITION
In classical computing, a bit possesses a binary nature, ex-
clusively adopting either a state of 1 or 0. Correspondingly,
in a 2-bit classical system, only one state can exist at a given
time among four distinct states that is 00, 01, 10, and 11.
This conceptual framework can be extended to n-bit classical
systems with 2n states but only one state exists at a given
time representing the state of the classical system.

Conversely, in quantum computing, a single quantum bit
(qubit) can exist in the state of 0, 1, or any linear combination
of these states as shown in Figure 2. This phenomenon is
called superposition which enables qubits to exist in a com-
bination of the states. Upon measurement, the superposition
collapses, and the final outcome is determined depending
on the probability distribution of the qubit states. Quantum
superposition is the ability of a qubit to be in multiple states
simultaneously until it is measured.

C. QUANTUM ENTANGLEMENT
In classical computers, the state of a bit can vary indepen-
dently, that is, the state of a bit is not influenced by the state of
another bit. However, in quantum computing, the probability
of a qubit state can be affected by the change of another qubit
state probability. This phenomenon is called entanglement
[38]. In quantum circuits, entanglement is created through
quantum gates by performing specific operations on the
qubits that result in inseparable states of qubits as shown
in equations (21), (22), (23), and (24). Regardless of the
physical distance between the entangled qubits, a change
in one qubit state probability can change the probability
distribution of all qubits in the entangled quantum system
[39].

Quantum entanglement is a phenomenon that occurs when
two or more particles become correlated in such a way that
the state of one qubit is dependent on the state of the other
qubit, regardless of the distance between them. If the state
of one qubit changes in the entangled system, then the states
of all other qubits will be affected. There are specific states
in 2-qubit systems, which are called Bell’s states or EPR
(Einstein–Podolsky–Rosen) pairs, which exhibit entangled
properties and cannot be written in separable states as given
below:

|ε→ = 1↗
2
(|0→|0→+ |1→|1→) (21)

|ε
→
→ = 1↗

2
(|0→|0→ ↔ |1→|1→) (22)

|ε
→→
→ = 1↗

2
(|0→|1→+ |1→|0→) (23)

|ε
→→→
→ = 1↗

2
(|0→|1→ ↔ |1→|0→) (24)

In the 2-qubit system, as shown in Figure 3a, each of the
qubits is in a superposition state but qubits are not entangled.
Therefore, the probabilities of all superposed qubit states are
independent of each other. When these qubits are entangled
as shown in Figure 3b, then the change in the probability of
one qubit affects the probabilities of the entangled qubits.
The blue color in Figure 3b shows that the two qubits are
not independent particles. They are entangled and their states
are dependent on each other. This entanglement results in the
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and the normalization constraint rule for the two qubits
will be the same as follows:

|a0b0|2 + |a0b1|2 + |a1b0|2 + |a1b1|2 = 1 (17)

Similarly for 3-qubits, if |c→ =

[
c0
c1

]
then the tensor

product of the three qubits is

|y→ = |ab→ ↑ |c→ = |abc→ (18)

|y→ =





a0b0 ↓
[
c0

c1

]

a0b1 ↓
[
c0

c1

]

a1b0 ↓
[
c0

c1

]

a1b1 ↓
[
c0

c1

]





=





a0boc0
a0boc1
a0b1c0
a0b1c1
a1boc0
a1boc1
a1b1c0
a1b1c1





=





y0
y1
y2
y3
y4
y5
y6
y7





(19)

The same method will be used to combine n qubits, and
normalization constraint rules for n-qubits will be given as in
equation (20). ∑

|vi|2 = 1 (20)

If we have n qubits, we will need to keep track of 2n complex
probability amplitudes. As we can see, these vectors grow
exponentially with the number of qubits. This is the reason
quantum computers with large numbers of qubits are so
difficult to simulate in classical computers. A modern laptop
can easily simulate a general quantum state of around 20
qubits, but simulating 100 qubits is too difficult even for the
largest supercomputers.

2) Bloch sphere notation
The Bloch sphere is a mathematical representation of a given
quantum state of a qubit, with which researchers can pinpoint
and manipulate various such states within the sphere to their
advantage. Three qubits |1→, |↔→ and, |ω→ are shown in Bloch
sphere representation in Figure 1.

B. QUANTUM SUPERPOSITION
In classical computing, a bit possesses a binary nature, ex-
clusively adopting either a state of 1 or 0. Correspondingly,
in a 2-bit classical system, only one state can exist at a given
time among four distinct states that is 00, 01, 10, and 11.
This conceptual framework can be extended to n-bit classical
systems with 2n states but only one state exists at a given
time representing the state of the classical system.

Conversely, in quantum computing, a single quantum bit
(qubit) can exist in the state of 0, 1, or any linear combination
of these states as shown in Figure 2. This phenomenon is
called superposition which enables qubits to exist in a com-
bination of the states. Upon measurement, the superposition
collapses, and the final outcome is determined depending
on the probability distribution of the qubit states. Quantum
superposition is the ability of a qubit to be in multiple states
simultaneously until it is measured.

C. QUANTUM ENTANGLEMENT
In classical computers, the state of a bit can vary indepen-
dently, that is, the state of a bit is not influenced by the state of
another bit. However, in quantum computing, the probability
of a qubit state can be affected by the change of another qubit
state probability. This phenomenon is called entanglement
[38]. In quantum circuits, entanglement is created through
quantum gates by performing specific operations on the
qubits that result in inseparable states of qubits as shown
in equations (21), (22), (23), and (24). Regardless of the
physical distance between the entangled qubits, a change
in one qubit state probability can change the probability
distribution of all qubits in the entangled quantum system
[39].

Quantum entanglement is a phenomenon that occurs when
two or more particles become correlated in such a way that
the state of one qubit is dependent on the state of the other
qubit, regardless of the distance between them. If the state
of one qubit changes in the entangled system, then the states
of all other qubits will be affected. There are specific states
in 2-qubit systems, which are called Bell’s states or EPR
(Einstein–Podolsky–Rosen) pairs, which exhibit entangled
properties and cannot be written in separable states as given
below:

|ε→ = 1↗
2
(|0→|0→+ |1→|1→) (21)

|ε
→
→ = 1↗

2
(|0→|0→ ↔ |1→|1→) (22)

|ε
→→
→ = 1↗

2
(|0→|1→+ |1→|0→) (23)

|ε
→→→
→ = 1↗

2
(|0→|1→ ↔ |1→|0→) (24)

In the 2-qubit system, as shown in Figure 3a, each of the
qubits is in a superposition state but qubits are not entangled.
Therefore, the probabilities of all superposed qubit states are
independent of each other. When these qubits are entangled
as shown in Figure 3b, then the change in the probability of
one qubit affects the probabilities of the entangled qubits.
The blue color in Figure 3b shows that the two qubits are
not independent particles. They are entangled and their states
are dependent on each other. This entanglement results in the
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and the normalization constraint rule for the two qubits
will be the same as follows:

|a0b0|2 + |a0b1|2 + |a1b0|2 + |a1b1|2 = 1 (17)

Similarly for 3-qubits, if |c→ =

[
c0
c1

]
then the tensor

product of the three qubits is

|y→ = |ab→ ↑ |c→ = |abc→ (18)

|y→ =




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
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


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(19)

The same method will be used to combine n qubits, and
normalization constraint rules for n-qubits will be given as in
equation (20). ∑

|vi|2 = 1 (20)

If we have n qubits, we will need to keep track of 2n complex
probability amplitudes. As we can see, these vectors grow
exponentially with the number of qubits. This is the reason
quantum computers with large numbers of qubits are so
difficult to simulate in classical computers. A modern laptop
can easily simulate a general quantum state of around 20
qubits, but simulating 100 qubits is too difficult even for the
largest supercomputers.

2) Bloch sphere notation
The Bloch sphere is a mathematical representation of a given
quantum state of a qubit, with which researchers can pinpoint
and manipulate various such states within the sphere to their
advantage. Three qubits |1→, |↔→ and, |ω→ are shown in Bloch
sphere representation in Figure 1.

B. QUANTUM SUPERPOSITION
In classical computing, a bit possesses a binary nature, ex-
clusively adopting either a state of 1 or 0. Correspondingly,
in a 2-bit classical system, only one state can exist at a given
time among four distinct states that is 00, 01, 10, and 11.
This conceptual framework can be extended to n-bit classical
systems with 2n states but only one state exists at a given
time representing the state of the classical system.

Conversely, in quantum computing, a single quantum bit
(qubit) can exist in the state of 0, 1, or any linear combination
of these states as shown in Figure 2. This phenomenon is
called superposition which enables qubits to exist in a com-
bination of the states. Upon measurement, the superposition
collapses, and the final outcome is determined depending
on the probability distribution of the qubit states. Quantum
superposition is the ability of a qubit to be in multiple states
simultaneously until it is measured.

C. QUANTUM ENTANGLEMENT
In classical computers, the state of a bit can vary indepen-
dently, that is, the state of a bit is not influenced by the state of
another bit. However, in quantum computing, the probability
of a qubit state can be affected by the change of another qubit
state probability. This phenomenon is called entanglement
[38]. In quantum circuits, entanglement is created through
quantum gates by performing specific operations on the
qubits that result in inseparable states of qubits as shown
in equations (21), (22), (23), and (24). Regardless of the
physical distance between the entangled qubits, a change
in one qubit state probability can change the probability
distribution of all qubits in the entangled quantum system
[39].

Quantum entanglement is a phenomenon that occurs when
two or more particles become correlated in such a way that
the state of one qubit is dependent on the state of the other
qubit, regardless of the distance between them. If the state
of one qubit changes in the entangled system, then the states
of all other qubits will be affected. There are specific states
in 2-qubit systems, which are called Bell’s states or EPR
(Einstein–Podolsky–Rosen) pairs, which exhibit entangled
properties and cannot be written in separable states as given
below:
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In the 2-qubit system, as shown in Figure 3a, each of the
qubits is in a superposition state but qubits are not entangled.
Therefore, the probabilities of all superposed qubit states are
independent of each other. When these qubits are entangled
as shown in Figure 3b, then the change in the probability of
one qubit affects the probabilities of the entangled qubits.
The blue color in Figure 3b shows that the two qubits are
not independent particles. They are entangled and their states
are dependent on each other. This entanglement results in the
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qubits that result in inseparable states of qubits as shown
in equations (21), (22), (23), and (24). Regardless of the
physical distance between the entangled qubits, a change
in one qubit state probability can change the probability
distribution of all qubits in the entangled quantum system
[39].

Quantum entanglement is a phenomenon that occurs when
two or more particles become correlated in such a way that
the state of one qubit is dependent on the state of the other
qubit, regardless of the distance between them. If the state
of one qubit changes in the entangled system, then the states
of all other qubits will be affected. There are specific states
in 2-qubit systems, which are called Bell’s states or EPR
(Einstein–Podolsky–Rosen) pairs, which exhibit entangled
properties and cannot be written in separable states as given
below:

|ε→ = 1↗
2
(|0→|0→+ |1→|1→) (21)
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In the 2-qubit system, as shown in Figure 3a, each of the
qubits is in a superposition state but qubits are not entangled.
Therefore, the probabilities of all superposed qubit states are
independent of each other. When these qubits are entangled
as shown in Figure 3b, then the change in the probability of
one qubit affects the probabilities of the entangled qubits.
The blue color in Figure 3b shows that the two qubits are
not independent particles. They are entangled and their states
are dependent on each other. This entanglement results in the
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Classical Bit vs. Quantum Bit
CLASSICAL BIT: 

• can be in two distinct states, 
0 and 1 

• can be measured completely 
• are not changed by 
measurement 

• can be copied 
• can be erased

QUANTUM BIT: 
• can be in state  or in state  or 
in any other state that is a linear 
combination of the two states 

• can be measured partially with given 
probability 

• are changed by measurement  
• cannot be copied 
• cannot be erased

|0⟩ |1⟩

What is a quantum computer? 

➢ Classical Computer: a computer that uses voltages flowing through circuits and gates, which 
can be controlled and manipulated entirely by classical mechanics. 

➢ Quantum Computer: a computer that uses laws of quantum mechanics to perform massively 
parallel computing through superposition, entanglement, and decoherence

8
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a physical state of two (or more) "particles" which appear to have correlated properties independently of 
their mutual space distance: there is a restricted space of possible outcomes such that if, e.g., one of two 
entangled particles is measured to have spin up , , then the other will always have spin down, , The 
opposite is true: if the first is measured to have spin down,  then the other will always have spin up ,  
(collapse of wave function) 

Entanglement is fragile: any interactions with other particles/environment can destroy it (decoherence). 
A measure of any particle destroys it. 

Entanglement can be shared among N particles (  quantum computers)

|0⟩ |1⟩
|1⟩ |0⟩

→

9

Entanglement:

Key Aspects of Quantum Entanglement:  
• Non-Separability: Entangled particles cannot be described individually; they act as a single 

system. 

• Instant Correlation: Measuring a property (e.g., spin, polarisation) of one particle instantly 
determines the state of the other, even if they are light-years apart. 

• Probabilistic Nature: Before measurement, particles exist in a superposition of states. 

• No FTL Communication: Although the connection is instantaneous, it cannot be used to 
transmit information faster than the speed of light. 

• Applications: It is crucial for quantum computing (qubits), quantum teleportation, and 
quantum cryptography. 
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15

Unitary Transformation as Quantum Computing

On a quantum computer, programs are executed by unitary evolution of an input
that is given by the state of the system, |n > , which can in either 0 or 1 state.
Since all unitary operators are invertible, we can always reverse or ‘uncompute’ a
computation on a quantum computer.

Quantum Computing Approach using Quantum Circuit

Unitary Transformation as Quantum Computing
On a quantum computer, programs are 
executed by unitary evolution of an input 
that is given by the state of the system, , 
which can in either 0 or 1 state. 
Since all unitary operators are invertible, 
we can always reverse or ‘uncompute’ a 
computation on a quantum computer.

|ψn⟩

10

Schematic of a quantum circuitTopology of the 
quantum circuit is 
fundamental: e.g. 
entanglement among 
nearest neighbour 
only, a few qbits, all 
qbits. 



R. Scaramella - Trieste March 2026 - INAF USC-C

The set 

Qubits and Quantum Key Distribution 55

and lives in a 2n-dimensional complex vector space. Note that 2n ! 2n
for a large number n. The ratio 2n/2n is ∼ 6.3 × 1027 for n = 100 and
∼ 5.4 × 10297 for n = 1000. These astronomical numbers tell us that most
quantum states in a Hilbert space with large n are entangled, i.e., they do not
have classical analogy which tensor product states have. Entangled states that
have no classical counterparts are extremely powerful resources for quantum
computation and quantum communication as we will show later.

Let us consider a system of two qubits for definiteness. The combined
system has a basis {|00〉, |01〉, |10〉, |11〉}. More generally, a basis for a system
of n qubits may be taken to be {|bn−1bn−2 . . . b0〉}, where bn−1, bn−2, . . . , b0 ∈
{0, 1}. It is also possible to express the basis in terms of the decimal system.
We write |x〉, instead of |bn−1bn−2 . . . b0〉, where x = bn−12n−1 + bn−22n−2 +
. . . + b0 is the decimal expression of the binary number bn−1bn−2 . . . b0. Thus
the basis for a two-qubit system may be written also as {|0〉, |1〉, |2〉, |3〉} with
this decimal notation. Whether the binary system or the decimal system is
employed should be clear from the context. An n-qubit system has 2n =
exp(n ln 2) basis vectors.

The set

{|Φ+〉 =
1√
2
(|00〉+ |11〉), |Φ−〉 = 1√

2
(|00〉 − |11〉),

|Ψ+〉 =
1√
2
(|01〉+ |10〉), |Ψ−〉 =

1√
2
(|01〉 − |10〉)}

(3.8)

is an orthonormal basis of a two-qubit system and is called the Bell basis.
Each vector is called the Bell state or the Bell vector. Note that all the
Bell states are entangled.

EXERCISE 3.4 The Bell basis is obtained from the binary basis {|00〉, |01〉,
|10〉, |11〉} by a unitary transformation. Write down the unitary transforma-
tion explicitly.

Among three-qubit entangled states, the following two states are important
for various reasons and hence deserve special names. The state

|GHZ〉 = 1√
2
(|000〉+ |111〉) (3.9)

is called the Greenberger-Horne-Zeilinger state and is often abbreviated
as the GHZ state[3]. Another important three-qubit state is the W state
[4],

|W〉 =
1√
3
(|100〉+ |010〉+ |001〉). (3.10)

EXERCISE 3.5 Find the expectation value of σx ⊗ σz measured in each of
the Bell states.
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Bell states (entangled) 
form a 2 qbit basis Single qbit gates: X is the NOT operator, Y is the 

phase shift and Z=XY

174 Quantum circuits

4.2 Single qubit operations

The development of our quantum computational toolkit begins with operations on the
simplest quantum system of all – a single qubit. Single qubit gates were introduced in
Section 1.3.1. Let us quickly summarize what we learned there; you may find it useful
to refer to the notes on notation on page xxiii as we go along.
A single qubit is a vector |ψ〉 = a|0〉 + b|1〉 parameterized by two complex numbers

satisfying |a|2 + |b|2 = 1. Operations on a qubit must preserve this norm, and thus are
described by 2×2 unitary matrices. Of these, some of the most important are the Pauli
matrices; it is useful to list them again here:

X ≡
[

0 1
1 0

]

; Y ≡
[

0 −i
i 0

]

; Z ≡
[

1 0
0 −1

]

. (4.1)

Three other quantum gates will play a large part in what follows, the Hadamard gate
(denoted H), phase gate (denoted S), and π/8 gate (denoted T ):

H =
1√
2

[

1 1
1 −1

]

; S =
[

1 0
0 i

]

; T =
[

1 0
0 exp(iπ/4)

]

. (4.2)

A couple of useful algebraic facts to keep in mind are that H = (X+Z)/
√
2 and S = T 2.

You might wonder why the T gate is called the π/8 gate when it is π/4 that appears in
the definition. The reason is that the gate has historically often been referred to as the
π/8 gate, simply because up to an unimportant global phase T is equal to a gate which
has exp(±iπ/8) appearing on its diagonals.

T = exp(iπ/8)
[

exp(−iπ/8) 0
0 exp(iπ/8)

]

. (4.3)

Nevertheless, the nomenclature is in some respects rather unfortunate, and we often refer
to this gate as the T gate.
Recall also that a single qubit in the state a|0〉+ b|1〉 can be visualized as a point (θ, ϕ)

on the unit sphere, where a = cos(θ/2), b = eiϕ sin(θ/2), and a can be taken to be real
because the overall phase of the state is unobservable. This is called the Bloch sphere
representation, and the vector (cosϕ sin θ, sinϕ sin θ, cos θ) is called the Bloch vector.
We shall return to this picture often as an aid to intuition.

Exercise 4.1: In Exercise 2.11, which you should do now if you haven’t already done
it, you computed the eigenvectors of the Pauli matrices. Find the points on the
Bloch sphere which correspond to the normalized eigenvectors of the different
Pauli matrices.

The Pauli matrices give rise to three useful classes of unitary matrices when they are
exponentiated, the rotation operators about the x̂, ŷ, and ẑ axes, defined by the equations:

Rx(θ) ≡ e−iθX/2 = cos
θ

2
I − i sin

θ

2
X =

[

cos θ
2 −i sin θ

2
−i sin θ

2 cos θ
2

]

(4.4)

Ry(θ) ≡ e−iθY/2 = cos
θ

2
I − i sin

θ

2
Y =

[

cos θ
2 − sin θ

2
sin θ

2 cos θ
2

]

(4.5)

Rz(θ) ≡ e−iθZ/2 = cos
θ

2
I − i sin

θ

2
Z =

[

e−iθ/2 0
0 eiθ/2

]

. (4.6)

174 Quantum circuits

4.2 Single qubit operations

The development of our quantum computational toolkit begins with operations on the
simplest quantum system of all – a single qubit. Single qubit gates were introduced in
Section 1.3.1. Let us quickly summarize what we learned there; you may find it useful
to refer to the notes on notation on page xxiii as we go along.
A single qubit is a vector |ψ〉 = a|0〉 + b|1〉 parameterized by two complex numbers

satisfying |a|2 + |b|2 = 1. Operations on a qubit must preserve this norm, and thus are
described by 2×2 unitary matrices. Of these, some of the most important are the Pauli
matrices; it is useful to list them again here:

X ≡
[

0 1
1 0

]

; Y ≡
[

0 −i
i 0

]

; Z ≡
[

1 0
0 −1

]

. (4.1)

Three other quantum gates will play a large part in what follows, the Hadamard gate
(denoted H), phase gate (denoted S), and π/8 gate (denoted T ):

H =
1√
2

[

1 1
1 −1

]

; S =
[

1 0
0 i

]

; T =
[

1 0
0 exp(iπ/4)

]

. (4.2)

A couple of useful algebraic facts to keep in mind are that H = (X+Z)/
√
2 and S = T 2.

You might wonder why the T gate is called the π/8 gate when it is π/4 that appears in
the definition. The reason is that the gate has historically often been referred to as the
π/8 gate, simply because up to an unimportant global phase T is equal to a gate which
has exp(±iπ/8) appearing on its diagonals.

T = exp(iπ/8)
[

exp(−iπ/8) 0
0 exp(iπ/8)

]

. (4.3)

Nevertheless, the nomenclature is in some respects rather unfortunate, and we often refer
to this gate as the T gate.
Recall also that a single qubit in the state a|0〉+ b|1〉 can be visualized as a point (θ, ϕ)

on the unit sphere, where a = cos(θ/2), b = eiϕ sin(θ/2), and a can be taken to be real
because the overall phase of the state is unobservable. This is called the Bloch sphere
representation, and the vector (cosϕ sin θ, sinϕ sin θ, cos θ) is called the Bloch vector.
We shall return to this picture often as an aid to intuition.

Exercise 4.1: In Exercise 2.11, which you should do now if you haven’t already done
it, you computed the eigenvectors of the Pauli matrices. Find the points on the
Bloch sphere which correspond to the normalized eigenvectors of the different
Pauli matrices.

The Pauli matrices give rise to three useful classes of unitary matrices when they are
exponentiated, the rotation operators about the x̂, ŷ, and ẑ axes, defined by the equations:
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(2) Find the matrix representation of the circuit (b).
(3) Find the matrix representation of the circuit (c). Find the action of the
circuit on a tensor product state |ψ1〉 ⊗ |ψ2〉.

The CCNOT (Controlled-Controlled-NOT) gate has three inputs, and
the third qubit flips when and only when the first two qubits are both in the
state |1〉. The explicit form of the CCNOT gate is

UCCNOT = (|00〉〈00|+ |01〉〈01|+ |10〉〈10|)⊗ I + |11〉〈11|⊗X. (4.8)

This gate is graphically expressed as

The CCNOT gate is also known as the Toffoli gate.

4.2.2 Walsh-Hadamard Transformation

The Hadamard gate or the Hadamard transformation H is an important
unitary transformation defined by

UH : |0〉 → 1√
2
(|0〉+ |1〉)

|1〉 → 1√
2
(|0〉 − |1〉).

(4.9)

It is used to generate a superposition state from |0〉 or |1〉. The matrix repre-
sentation of H is

UH =
1√
2
(|0〉+ |1〉)〈0| + 1√

2
(|0〉 − |1〉)〈1| =

1√
2

(
1 1
1 −1

)
. (4.10)

A Hadamard gate is depicted as

There are numerous important applications of the Hadamard transforma-
tion. All possible 2n states are generated, when UH is applied on each qubit
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Quantum Computation

A quantum computation is a collection of the following three elements: 

§ A register or a set of registers, 

§ A unitary matrix U, which is tailored to execute a given quantum 
algorithm

§ Measurements to extract information we need. 

More formally, we say a quantum computation is the set {H,U,{Mm}}, 
where H = C2n is the Hilbert space of an n-qubit register, U ∈ U(2n) 
represents the quantum algorithm and {Mm} is the set of measurement 
operators. The hardware along with equipment to control the qubits is 
called a quantum computer. 
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gate is easily found as

I = |0〉〈0| + |1〉〈1| =
(

1 0
0 1

)
. (4.1)

Similarly we introduce X : |0〉 → |1〉, |1〉 → |0〉, Y : |0〉 → −|1〉, |1〉 → |0〉,
and Z : |0〉 → |0〉, |1〉 → −|1〉, whose matrix representations are

X = |1〉〈0| + |0〉〈1| =
(

0 1
1 0

)
= σx, (4.2)

Y = |0〉〈1|− |1〉〈0| =
(

0 −1
1 0

)
= −iσy, (4.3)

Z = |0〉〈0|− |1〉〈1| =
(

1 0
0 −1

)
= σz . (4.4)

The transformation I is the trivial (identity) transformation, while X is the
negation (NOT), Z the phase shift and Y = XZ the combination of them. It
is easily verified that these gates are unitary.

The CNOT (controlled-NOT) gate is a two-qubit gate, which plays
quite an important role in quantum computation. The gate flips the sec-
ond qubit (the target qubit) when the first qubit (the control qubit) is
|1〉, while leaving the second bit unchanged when the first qubit state is |0〉.
Let {|00〉, |01〉, |10〉, |11〉} be a basis for the two-qubit system. In the following,
we use the standard basis vectors with components

|00〉 = (1, 0, 0, 0)t , |01〉 = (0, 1, 0, 0)t , |10〉 = (0, 0, 1, 0)t , |11〉 = (0, 0, 0, 1)t .

The action of the CNOT gate, whose matrix expression will be written as
UCNOT, is

UCNOT : |00〉 %→ |00〉, |01〉 %→ |01〉, |10〉 %→ |11〉, |11〉 %→ |10〉.

It has two equivalent expressions

UCNOT = |00〉〈00| + |01〉〈01|+ |11〉〈10|+ |10〉〈11|
= |0〉〈0|⊗ I + |1〉〈1|⊗X, (4.5)

having a matrix form

UCNOT =





1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0



 . (4.6)

The second expression of the RHS in Eq. (4.5) shows that the action of UCNOT

on the target qubit is I when the control qubit is in the state |0〉, while it is σx

when the control qubit is in |1〉. Verify that UCNOT is unitary and, moreover,
idempotent, i.e., U2

CNOT = I.
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idempotent, i.e., U2

CNOT = I.

Exercise: Find the Hamiltonian that implements these gates, and show 
how they are implemented.
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174 Quantum circuits

4.2 Single qubit operations

The development of our quantum computational toolkit begins with operations on the
simplest quantum system of all – a single qubit. Single qubit gates were introduced in
Section 1.3.1. Let us quickly summarize what we learned there; you may find it useful
to refer to the notes on notation on page xxiii as we go along.
A single qubit is a vector |ψ〉 = a|0〉 + b|1〉 parameterized by two complex numbers

satisfying |a|2 + |b|2 = 1. Operations on a qubit must preserve this norm, and thus are
described by 2×2 unitary matrices. Of these, some of the most important are the Pauli
matrices; it is useful to list them again here:

X ≡
[

0 1
1 0

]

; Y ≡
[

0 −i
i 0

]

; Z ≡
[

1 0
0 −1

]

. (4.1)

Three other quantum gates will play a large part in what follows, the Hadamard gate
(denoted H), phase gate (denoted S), and π/8 gate (denoted T ):

H =
1√
2

[

1 1
1 −1

]

; S =
[

1 0
0 i

]

; T =
[

1 0
0 exp(iπ/4)

]

. (4.2)

A couple of useful algebraic facts to keep in mind are that H = (X+Z)/
√
2 and S = T 2.

You might wonder why the T gate is called the π/8 gate when it is π/4 that appears in
the definition. The reason is that the gate has historically often been referred to as the
π/8 gate, simply because up to an unimportant global phase T is equal to a gate which
has exp(±iπ/8) appearing on its diagonals.

T = exp(iπ/8)
[

exp(−iπ/8) 0
0 exp(iπ/8)

]

. (4.3)

Nevertheless, the nomenclature is in some respects rather unfortunate, and we often refer
to this gate as the T gate.
Recall also that a single qubit in the state a|0〉+ b|1〉 can be visualized as a point (θ, ϕ)

on the unit sphere, where a = cos(θ/2), b = eiϕ sin(θ/2), and a can be taken to be real
because the overall phase of the state is unobservable. This is called the Bloch sphere
representation, and the vector (cosϕ sin θ, sinϕ sin θ, cos θ) is called the Bloch vector.
We shall return to this picture often as an aid to intuition.

Exercise 4.1: In Exercise 2.11, which you should do now if you haven’t already done
it, you computed the eigenvectors of the Pauli matrices. Find the points on the
Bloch sphere which correspond to the normalized eigenvectors of the different
Pauli matrices.

The Pauli matrices give rise to three useful classes of unitary matrices when they are
exponentiated, the rotation operators about the x̂, ŷ, and ẑ axes, defined by the equations:

Rx(θ) ≡ e−iθX/2 = cos
θ

2
I − i sin

θ

2
X =

[

cos θ
2 −i sin θ

2
−i sin θ

2 cos θ
2

]

(4.4)

Ry(θ) ≡ e−iθY/2 = cos
θ

2
I − i sin

θ

2
Y =

[

cos θ
2 − sin θ

2
sin θ

2 cos θ
2

]

(4.5)

Rz(θ) ≡ e−iθZ/2 = cos
θ

2
I − i sin

θ

2
Z =

[

e−iθ/2 0
0 eiθ/2

]

. (4.6)
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(2) Find the matrix representation of the circuit (b).
(3) Find the matrix representation of the circuit (c). Find the action of the
circuit on a tensor product state |ψ1〉 ⊗ |ψ2〉.

The CCNOT (Controlled-Controlled-NOT) gate has three inputs, and
the third qubit flips when and only when the first two qubits are both in the
state |1〉. The explicit form of the CCNOT gate is

UCCNOT = (|00〉〈00|+ |01〉〈01|+ |10〉〈10|)⊗ I + |11〉〈11|⊗X. (4.8)

This gate is graphically expressed as

The CCNOT gate is also known as the Toffoli gate.

4.2.2 Walsh-Hadamard Transformation

The Hadamard gate or the Hadamard transformation H is an important
unitary transformation defined by

UH : |0〉 → 1√
2
(|0〉+ |1〉)

|1〉 → 1√
2
(|0〉 − |1〉).

(4.9)

It is used to generate a superposition state from |0〉 or |1〉. The matrix repre-
sentation of H is

UH =
1√
2
(|0〉+ |1〉)〈0| + 1√

2
(|0〉 − |1〉)〈1| =

1√
2

(
1 1
1 −1

)
. (4.10)

A Hadamard gate is depicted as

There are numerous important applications of the Hadamard transforma-
tion. All possible 2n states are generated, when UH is applied on each qubit
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Rx(θ) ≡ e−iθX/2 = cos
θ

2
I − i sin

θ

2
X =

[

cos θ
2 −i sin θ

2
−i sin θ

2 cos θ
2

]

(4.4)

Ry(θ) ≡ e−iθY/2 = cos
θ

2
I − i sin

θ

2
Y =

[

cos θ
2 − sin θ

2
sin θ

2 cos θ
2

]

(4.5)

Rz(θ) ≡ e−iθZ/2 = cos
θ

2
I − i sin

θ

2
Z =

[

e−iθ/2 0
0 eiθ/2

]

. (4.6)

174 Quantum circuits

4.2 Single qubit operations

The development of our quantum computational toolkit begins with operations on the
simplest quantum system of all – a single qubit. Single qubit gates were introduced in
Section 1.3.1. Let us quickly summarize what we learned there; you may find it useful
to refer to the notes on notation on page xxiii as we go along.
A single qubit is a vector |ψ〉 = a|0〉 + b|1〉 parameterized by two complex numbers

satisfying |a|2 + |b|2 = 1. Operations on a qubit must preserve this norm, and thus are
described by 2×2 unitary matrices. Of these, some of the most important are the Pauli
matrices; it is useful to list them again here:

X ≡
[

0 1
1 0

]

; Y ≡
[

0 −i
i 0

]

; Z ≡
[

1 0
0 −1

]

. (4.1)

Three other quantum gates will play a large part in what follows, the Hadamard gate
(denoted H), phase gate (denoted S), and π/8 gate (denoted T ):

H =
1√
2

[

1 1
1 −1

]

; S =
[

1 0
0 i

]

; T =
[

1 0
0 exp(iπ/4)

]

. (4.2)

A couple of useful algebraic facts to keep in mind are that H = (X+Z)/
√
2 and S = T 2.

You might wonder why the T gate is called the π/8 gate when it is π/4 that appears in
the definition. The reason is that the gate has historically often been referred to as the
π/8 gate, simply because up to an unimportant global phase T is equal to a gate which
has exp(±iπ/8) appearing on its diagonals.

T = exp(iπ/8)
[

exp(−iπ/8) 0
0 exp(iπ/8)

]

. (4.3)

Nevertheless, the nomenclature is in some respects rather unfortunate, and we often refer
to this gate as the T gate.
Recall also that a single qubit in the state a|0〉+ b|1〉 can be visualized as a point (θ, ϕ)

on the unit sphere, where a = cos(θ/2), b = eiϕ sin(θ/2), and a can be taken to be real
because the overall phase of the state is unobservable. This is called the Bloch sphere
representation, and the vector (cosϕ sin θ, sinϕ sin θ, cos θ) is called the Bloch vector.
We shall return to this picture often as an aid to intuition.

Exercise 4.1: In Exercise 2.11, which you should do now if you haven’t already done
it, you computed the eigenvectors of the Pauli matrices. Find the points on the
Bloch sphere which correspond to the normalized eigenvectors of the different
Pauli matrices.

The Pauli matrices give rise to three useful classes of unitary matrices when they are
exponentiated, the rotation operators about the x̂, ŷ, and ẑ axes, defined by the equations:
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(2) Find the matrix representation of the circuit (b).
(3) Find the matrix representation of the circuit (c). Find the action of the
circuit on a tensor product state |ψ1〉 ⊗ |ψ2〉.

The CCNOT (Controlled-Controlled-NOT) gate has three inputs, and
the third qubit flips when and only when the first two qubits are both in the
state |1〉. The explicit form of the CCNOT gate is

UCCNOT = (|00〉〈00|+ |01〉〈01|+ |10〉〈10|)⊗ I + |11〉〈11|⊗X. (4.8)

This gate is graphically expressed as

The CCNOT gate is also known as the Toffoli gate.

4.2.2 Walsh-Hadamard Transformation

The Hadamard gate or the Hadamard transformation H is an important
unitary transformation defined by

UH : |0〉 → 1√
2
(|0〉+ |1〉)

|1〉 → 1√
2
(|0〉 − |1〉).

(4.9)

It is used to generate a superposition state from |0〉 or |1〉. The matrix repre-
sentation of H is

UH =
1√
2
(|0〉+ |1〉)〈0| + 1√

2
(|0〉 − |1〉)〈1| =

1√
2

(
1 1
1 −1

)
. (4.10)

A Hadamard gate is depicted as

There are numerous important applications of the Hadamard transforma-
tion. All possible 2n states are generated, when UH is applied on each qubit
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of the state |00 . . . 0〉:

(H ⊗H ⊗ . . .⊗H)|00 . . .0〉

=
1√
2
(|0〉+ |1〉)⊗ 1√

2
(|0〉+ |1〉)⊗ . . .

1√
2
(|0〉+ |1〉)

=
1√
2n

2n−1∑

x=0

|x〉. (4.11)

Therefore, we produce a superposition of all the states |x〉 with 0 ≤ x ≤ 2n−1
simultaneously. This action of H on an n-qubit system is called the Walsh
transformation, or Walsh-Hadamard transformation, and denoted as
Wn. Note that

W1 = UH, Wn+1 = UH ⊗Wn. (4.12)

EXERCISE 4.4 Show that Wn is unitary.

EXERCISE 4.5 Show that the two circuits below are equivalent:

This exercise shows that the control bit and the target bit in a CNOT gate
are interchangeable by introducing four Hadamard gates.

EXERCISE 4.6 Let us consider the following quantum circuit

(4.13)

where q1 denotes the first qubit, while q2 denotes the second. What are the
outputs for the inputs |00〉, |01〉, |10〉 and |11〉?

4.2.3 SWAP Gate and Fredkin Gate

The SWAP gate acts on a tensor product state as

USWAP|ψ1,ψ2〉 = |ψ2,ψ1〉. (4.14)
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Exercise 4.2: Let x be a real number and A a matrix such that A2 = I. Show that

exp(iAx) = cos(x)I + i sin(x)A. (4.7)

Use this result to verify Equations (4.4) through (4.6).

Exercise 4.3: Show that, up to a global phase, the π/8 gate satisfies T = Rz(π/4).

Exercise 4.4: Express the Hadamard gate H as a product of Rx and Rz rotations and
eiϕ for some ϕ.

If n̂ = (nx, ny, nz) is a real unit vector in three dimensions then we generalize the
previous definitions by defining a rotation by θ about the n̂ axis by the equation

Rn̂(θ) ≡ exp(−iθ n̂ · $σ/2) = cos
(

θ

2

)

I − i sin
(

θ

2

)

(nxX + nyY + nzZ) , (4.8)

where $σ denotes the three component vector (X, Y, Z) of Pauli matrices.

Exercise 4.5: Prove that (n̂ · $σ)2 = I, and use this to verify Equation (4.8).

Exercise 4.6: (Bloch sphere interpretation of rotations) One reason why the
Rn̂(θ) operators are referred to as rotation operators is the following fact, which
you are to prove. Suppose a single qubit has a state represented by the Bloch
vector $λ. Then the effect of the rotation Rn̂(θ) on the state is to rotate it by an
angle θ about the n̂ axis of the Bloch sphere. This fact explains the rather
mysterious looking factor of two in the definition of the rotation matrices.

Exercise 4.7: Show that XY X = −Y and use this to prove that
XRy(θ)X = Ry(−θ).

Exercise 4.8: An arbitrary single qubit unitary operator can be written in the form

U = exp(iα)Rn̂(θ) (4.9)

for some real numbers α and θ, and a real three-dimensional unit vector n̂.

1. Prove this fact.
2. Find values for α, θ, and n̂ giving the Hadamard gate H.
3. Find values for α, θ, and n̂ giving the phase gate

S =
[

1 0
0 i

]

. (4.10)

An arbitrary unitary operator on a single qubit can be written in many ways as a
combination of rotations, together with global phase shifts on the qubit. The following
theorem provides a means of expressing an arbitrary single qubit rotation that will be
particularly useful in later applications to controlled operations.

Theorem 4.1: (Z-Y decomposition for a single qubit) Suppose U is a unitary
operation on a single qubit. Then there exist real numbers α, β, γ and δ such that

U = eiαRz(β)Ry(γ)Rz(δ). (4.11)
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Exercise 4.13: (Circuit identities) It is useful to be able to simplify circuits by
inspection, using well-known identities. Prove the following three identities:

HXH = Z; HY H = −Y ; HZH = X. (4.18)

Exercise 4.14: Use the previous exercise to show that HTH = Rx(π/4), up to a
global phase.

Exercise 4.15: (Composition of single qubit operations) The Bloch
representation gives a nice way to visualize the effect of composing two rotations.

(1) Prove that if a rotation through an angle β1 about the axis n̂1 is followed by a
rotation through an angle β2 about an axis n̂2, then the overall rotation is
through an angle β12 about an axis n̂12 given by

c12 = c1c2 − s1s2 n̂1 · n̂2 (4.19)

s12n̂12 = s1c2n̂1 + c1s2n̂2 − s1s2 n̂2 × n̂1 , (4.20)

where ci = cos(βi/2), si = sin(βi/2), c12 = cos(β12/2), and s12 = sin(β12/2).
(2) Show that if β1 = β2 and n̂1 = ẑ these equations simplify to

c12 = c2 − s2 ẑ · n̂2 (4.21)

s12n̂12 = sc(ẑ + n̂2)− s2 n̂2 × ẑ , (4.22)

where c = c1 and s = s1.

Symbols for the common single qubit gates are shown in Figure 4.2. Recall the basic
properties of quantum circuits: time proceeds from left to right; wires represent qubits,
and a ‘/’ may be used to indicate a bundle of qubits.

Hadamard
1√
2

[

1 1
1 −1

]

Pauli-X
[

0 1
1 0

]

Pauli-Y
[

0 −i
i 0

]

Pauli-Z
[

1 0
0 −1

]

Phase
[

1 0
0 i

]

π/8
[

1 0
0 eiπ/4

]

Figure 4.2. Names, symbols, and unitary matrices for the common single qubit gates.

4.3 Controlled operations

‘If A is true, then do B’. This type of controlled operation is one of the most useful in
computing, both classical and quantum. In this section we explain how complex controlled
operations may be implemented using quantum circuits built from elementary operations.
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(2) Find the matrix representation of the circuit (b).
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4.2.2 Walsh-Hadamard Transformation
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UH : |0〉 → 1√
2
(|0〉+ |1〉)

|1〉 → 1√
2
(|0〉 − |1〉).

(4.9)
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UH =
1√
2
(|0〉+ |1〉)〈0| + 1√

2
(|0〉 − |1〉)〈1| =

1√
2

(
1 1
1 −1

)
. (4.10)

A Hadamard gate is depicted as

There are numerous important applications of the Hadamard transforma-
tion. All possible 2n states are generated, when UH is applied on each qubit
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An arbitrary unitary operator on a single qubit can be written in many ways as a
combination of rotations, together with global phase shifts on the qubit. The following
theorem provides a means of expressing an arbitrary single qubit rotation that will be
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Theorem 4.1: (Z-Y decomposition for a single qubit) Suppose U is a unitary
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properties of quantum circuits: time proceeds from left to right; wires represent qubits,
and a ‘/’ may be used to indicate a bundle of qubits.
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Figure 4.2. Names, symbols, and unitary matrices for the common single qubit gates.

4.3 Controlled operations

‘If A is true, then do B’. This type of controlled operation is one of the most useful in
computing, both classical and quantum. In this section we explain how complex controlled
operations may be implemented using quantum circuits built from elementary operations.
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gate is easily found as

I = |0〉〈0| + |1〉〈1| =
(

1 0
0 1

)
. (4.1)

Similarly we introduce X : |0〉 → |1〉, |1〉 → |0〉, Y : |0〉 → −|1〉, |1〉 → |0〉,
and Z : |0〉 → |0〉, |1〉 → −|1〉, whose matrix representations are

X = |1〉〈0| + |0〉〈1| =
(

0 1
1 0

)
= σx, (4.2)

Y = |0〉〈1|− |1〉〈0| =
(

0 −1
1 0

)
= −iσy, (4.3)

Z = |0〉〈0|− |1〉〈1| =
(

1 0
0 −1

)
= σz . (4.4)

The transformation I is the trivial (identity) transformation, while X is the
negation (NOT), Z the phase shift and Y = XZ the combination of them. It
is easily verified that these gates are unitary.

The CNOT (controlled-NOT) gate is a two-qubit gate, which plays
quite an important role in quantum computation. The gate flips the sec-
ond qubit (the target qubit) when the first qubit (the control qubit) is
|1〉, while leaving the second bit unchanged when the first qubit state is |0〉.
Let {|00〉, |01〉, |10〉, |11〉} be a basis for the two-qubit system. In the following,
we use the standard basis vectors with components

|00〉 = (1, 0, 0, 0)t , |01〉 = (0, 1, 0, 0)t , |10〉 = (0, 0, 1, 0)t , |11〉 = (0, 0, 0, 1)t .

The action of the CNOT gate, whose matrix expression will be written as
UCNOT, is

UCNOT : |00〉 %→ |00〉, |01〉 %→ |01〉, |10〉 %→ |11〉, |11〉 %→ |10〉.

It has two equivalent expressions

UCNOT = |00〉〈00| + |01〉〈01|+ |11〉〈10|+ |10〉〈11|
= |0〉〈0|⊗ I + |1〉〈1|⊗X, (4.5)

having a matrix form

UCNOT =





1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0



 . (4.6)

The second expression of the RHS in Eq. (4.5) shows that the action of UCNOT

on the target qubit is I when the control qubit is in the state |0〉, while it is σx

when the control qubit is in |1〉. Verify that UCNOT is unitary and, moreover,
idempotent, i.e., U2

CNOT = I.
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Let {|i〉} be the basis vectors, where i ∈ {0, 1}. The action of CNOT on
the input state |i〉|j〉 is written as |i〉|i⊕ j〉, where i⊕ j is an addition mod 2,
that is, 0⊕ 0 = 0, 0⊕ 1 = 1, 1⊕ 0 = 1 and 1⊕ 1 = 0.

EXERCISE 4.1 Show that the UCNOT cannot be written as a tensor prod-
uct of two one-qubit gates.

EXERCISE 4.2 Let (a|0〉 + b|1〉) ⊗ |0〉 be an input state to a CNOT gate.
What is the output state?

It is convenient to introduce graphical representations of quantum gates. A
one-qubit gate whose unitary matrix representation is U is depicted as

The left horizontal line is the input qubit state, while the right horizontal line
is the output qubit state. Therefore the time flows from the left to the right.

A CNOT gate is expressed as

where • denotes the control bit, while
⊕

denotes the conditional negation.
There may be many control bits (see CCNOT gate below).

More generally, we consider a controlled-U gate,

V = |0〉〈0|⊗ I + |1〉〈1|⊗ U, (4.7)

in which the target bit is acted on by a unitary transformation U only when
the control bit is |1〉. This gate is denoted graphically as

EXERCISE 4.3 (1) Find the matrix representation of the “upside down”
CNOT gate (a) in the basis {|00〉, |01〉, |10〉, |11〉}.
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|00〉 = (1, 0, 0, 0)t , |01〉 = (0, 1, 0, 0)t , |10〉 = (0, 0, 1, 0)t , |11〉 = (0, 0, 0, 1)t .

The action of the CNOT gate, whose matrix expression will be written as
UCNOT, is

UCNOT : |00〉 %→ |00〉, |01〉 %→ |01〉, |10〉 %→ |11〉, |11〉 %→ |10〉.

It has two equivalent expressions

UCNOT = |00〉〈00| + |01〉〈01|+ |11〉〈10|+ |10〉〈11|
= |0〉〈0|⊗ I + |1〉〈1|⊗X, (4.5)

having a matrix form

UCNOT =





1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0



 . (4.6)

The second expression of the RHS in Eq. (4.5) shows that the action of UCNOT

on the target qubit is I when the control qubit is in the state |0〉, while it is σx

when the control qubit is in |1〉. Verify that UCNOT is unitary and, moreover,
idempotent, i.e., U2

CNOT = I.
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gate is easily found as

I = |0〉〈0| + |1〉〈1| =
(

1 0
0 1

)
. (4.1)

Similarly we introduce X : |0〉 → |1〉, |1〉 → |0〉, Y : |0〉 → −|1〉, |1〉 → |0〉,
and Z : |0〉 → |0〉, |1〉 → −|1〉, whose matrix representations are

X = |1〉〈0| + |0〉〈1| =
(

0 1
1 0

)
= σx, (4.2)

Y = |0〉〈1|− |1〉〈0| =
(

0 −1
1 0

)
= −iσy, (4.3)

Z = |0〉〈0|− |1〉〈1| =
(

1 0
0 −1

)
= σz . (4.4)

The transformation I is the trivial (identity) transformation, while X is the
negation (NOT), Z the phase shift and Y = XZ the combination of them. It
is easily verified that these gates are unitary.

The CNOT (controlled-NOT) gate is a two-qubit gate, which plays
quite an important role in quantum computation. The gate flips the sec-
ond qubit (the target qubit) when the first qubit (the control qubit) is
|1〉, while leaving the second bit unchanged when the first qubit state is |0〉.
Let {|00〉, |01〉, |10〉, |11〉} be a basis for the two-qubit system. In the following,
we use the standard basis vectors with components

|00〉 = (1, 0, 0, 0)t , |01〉 = (0, 1, 0, 0)t , |10〉 = (0, 0, 1, 0)t , |11〉 = (0, 0, 0, 1)t .

The action of the CNOT gate, whose matrix expression will be written as
UCNOT, is

UCNOT : |00〉 %→ |00〉, |01〉 %→ |01〉, |10〉 %→ |11〉, |11〉 %→ |10〉.

It has two equivalent expressions

UCNOT = |00〉〈00| + |01〉〈01|+ |11〉〈10|+ |10〉〈11|
= |0〉〈0|⊗ I + |1〉〈1|⊗X, (4.5)

having a matrix form

UCNOT =





1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0



 . (4.6)

The second expression of the RHS in Eq. (4.5) shows that the action of UCNOT

on the target qubit is I when the control qubit is in the state |0〉, while it is σx

when the control qubit is in |1〉. Verify that UCNOT is unitary and, moreover,
idempotent, i.e., U2

CNOT = I.

Control-U Gate

68 QUANTUM COMPUTING

Let {|i〉} be the basis vectors, where i ∈ {0, 1}. The action of CNOT on
the input state |i〉|j〉 is written as |i〉|i⊕ j〉, where i⊕ j is an addition mod 2,
that is, 0⊕ 0 = 0, 0⊕ 1 = 1, 1⊕ 0 = 1 and 1⊕ 1 = 0.

EXERCISE 4.1 Show that the UCNOT cannot be written as a tensor prod-
uct of two one-qubit gates.

EXERCISE 4.2 Let (a|0〉 + b|1〉) ⊗ |0〉 be an input state to a CNOT gate.
What is the output state?

It is convenient to introduce graphical representations of quantum gates. A
one-qubit gate whose unitary matrix representation is U is depicted as

The left horizontal line is the input qubit state, while the right horizontal line
is the output qubit state. Therefore the time flows from the left to the right.

A CNOT gate is expressed as

where • denotes the control bit, while
⊕

denotes the conditional negation.
There may be many control bits (see CCNOT gate below).

More generally, we consider a controlled-U gate,

V = |0〉〈0|⊗ I + |1〉〈1|⊗ U, (4.7)

in which the target bit is acted on by a unitary transformation U only when
the control bit is |1〉. This gate is denoted graphically as

EXERCISE 4.3 (1) Find the matrix representation of the “upside down”
CNOT gate (a) in the basis {|00〉, |01〉, |10〉, |11〉}.

The following identity holds

CNOT = |0ih0|⌦ I + |1ih1|⌦X

=
1

2
(I + Z)⌦ I +

1

2
(I � Z)⌦X

=
1

2
I ⌦ (I +X) +

1

2
Z ⌦ (I �X)
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gate is easily found as

I = |0〉〈0| + |1〉〈1| =
(

1 0
0 1

)
. (4.1)

Similarly we introduce X : |0〉 → |1〉, |1〉 → |0〉, Y : |0〉 → −|1〉, |1〉 → |0〉,
and Z : |0〉 → |0〉, |1〉 → −|1〉, whose matrix representations are

X = |1〉〈0| + |0〉〈1| =
(

0 1
1 0

)
= σx, (4.2)

Y = |0〉〈1|− |1〉〈0| =
(

0 −1
1 0

)
= −iσy, (4.3)

Z = |0〉〈0|− |1〉〈1| =
(

1 0
0 −1

)
= σz . (4.4)

The transformation I is the trivial (identity) transformation, while X is the
negation (NOT), Z the phase shift and Y = XZ the combination of them. It
is easily verified that these gates are unitary.

The CNOT (controlled-NOT) gate is a two-qubit gate, which plays
quite an important role in quantum computation. The gate flips the sec-
ond qubit (the target qubit) when the first qubit (the control qubit) is
|1〉, while leaving the second bit unchanged when the first qubit state is |0〉.
Let {|00〉, |01〉, |10〉, |11〉} be a basis for the two-qubit system. In the following,
we use the standard basis vectors with components

|00〉 = (1, 0, 0, 0)t , |01〉 = (0, 1, 0, 0)t , |10〉 = (0, 0, 1, 0)t , |11〉 = (0, 0, 0, 1)t .

The action of the CNOT gate, whose matrix expression will be written as
UCNOT, is

UCNOT : |00〉 %→ |00〉, |01〉 %→ |01〉, |10〉 %→ |11〉, |11〉 %→ |10〉.

It has two equivalent expressions

UCNOT = |00〉〈00| + |01〉〈01|+ |11〉〈10|+ |10〉〈11|
= |0〉〈0|⊗ I + |1〉〈1|⊗X, (4.5)

having a matrix form

UCNOT =





1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0



 . (4.6)

The second expression of the RHS in Eq. (4.5) shows that the action of UCNOT

on the target qubit is I when the control qubit is in the state |0〉, while it is σx

when the control qubit is in |1〉. Verify that UCNOT is unitary and, moreover,
idempotent, i.e., U2

CNOT = I.

Quantum Gates, Quantum Circuit and Quantum Computation 67

gate is easily found as

I = |0〉〈0| + |1〉〈1| =
(

1 0
0 1

)
. (4.1)

Similarly we introduce X : |0〉 → |1〉, |1〉 → |0〉, Y : |0〉 → −|1〉, |1〉 → |0〉,
and Z : |0〉 → |0〉, |1〉 → −|1〉, whose matrix representations are

X = |1〉〈0| + |0〉〈1| =
(

0 1
1 0

)
= σx, (4.2)

Y = |0〉〈1|− |1〉〈0| =
(

0 −1
1 0

)
= −iσy, (4.3)

Z = |0〉〈0|− |1〉〈1| =
(

1 0
0 −1

)
= σz . (4.4)

The transformation I is the trivial (identity) transformation, while X is the
negation (NOT), Z the phase shift and Y = XZ the combination of them. It
is easily verified that these gates are unitary.

The CNOT (controlled-NOT) gate is a two-qubit gate, which plays
quite an important role in quantum computation. The gate flips the sec-
ond qubit (the target qubit) when the first qubit (the control qubit) is
|1〉, while leaving the second bit unchanged when the first qubit state is |0〉.
Let {|00〉, |01〉, |10〉, |11〉} be a basis for the two-qubit system. In the following,
we use the standard basis vectors with components

|00〉 = (1, 0, 0, 0)t , |01〉 = (0, 1, 0, 0)t , |10〉 = (0, 0, 1, 0)t , |11〉 = (0, 0, 0, 1)t .

The action of the CNOT gate, whose matrix expression will be written as
UCNOT, is

UCNOT : |00〉 %→ |00〉, |01〉 %→ |01〉, |10〉 %→ |11〉, |11〉 %→ |10〉.

It has two equivalent expressions

UCNOT = |00〉〈00| + |01〉〈01|+ |11〉〈10|+ |10〉〈11|
= |0〉〈0|⊗ I + |1〉〈1|⊗X, (4.5)

having a matrix form

UCNOT =





1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0



 . (4.6)

The second expression of the RHS in Eq. (4.5) shows that the action of UCNOT

on the target qubit is I when the control qubit is in the state |0〉, while it is σx

when the control qubit is in |1〉. Verify that UCNOT is unitary and, moreover,
idempotent, i.e., U2

CNOT = I.
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gate is easily found as

I = |0〉〈0| + |1〉〈1| =
(

1 0
0 1

)
. (4.1)

Similarly we introduce X : |0〉 → |1〉, |1〉 → |0〉, Y : |0〉 → −|1〉, |1〉 → |0〉,
and Z : |0〉 → |0〉, |1〉 → −|1〉, whose matrix representations are

X = |1〉〈0| + |0〉〈1| =
(

0 1
1 0

)
= σx, (4.2)

Y = |0〉〈1|− |1〉〈0| =
(

0 −1
1 0

)
= −iσy, (4.3)

Z = |0〉〈0|− |1〉〈1| =
(

1 0
0 −1

)
= σz . (4.4)

The transformation I is the trivial (identity) transformation, while X is the
negation (NOT), Z the phase shift and Y = XZ the combination of them. It
is easily verified that these gates are unitary.

The CNOT (controlled-NOT) gate is a two-qubit gate, which plays
quite an important role in quantum computation. The gate flips the sec-
ond qubit (the target qubit) when the first qubit (the control qubit) is
|1〉, while leaving the second bit unchanged when the first qubit state is |0〉.
Let {|00〉, |01〉, |10〉, |11〉} be a basis for the two-qubit system. In the following,
we use the standard basis vectors with components

|00〉 = (1, 0, 0, 0)t , |01〉 = (0, 1, 0, 0)t , |10〉 = (0, 0, 1, 0)t , |11〉 = (0, 0, 0, 1)t .

The action of the CNOT gate, whose matrix expression will be written as
UCNOT, is

UCNOT : |00〉 %→ |00〉, |01〉 %→ |01〉, |10〉 %→ |11〉, |11〉 %→ |10〉.

It has two equivalent expressions

UCNOT = |00〉〈00| + |01〉〈01|+ |11〉〈10|+ |10〉〈11|
= |0〉〈0|⊗ I + |1〉〈1|⊗X, (4.5)

having a matrix form

UCNOT =





1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0



 . (4.6)

The second expression of the RHS in Eq. (4.5) shows that the action of UCNOT

on the target qubit is I when the control qubit is in the state |0〉, while it is σx

when the control qubit is in |1〉. Verify that UCNOT is unitary and, moreover,
idempotent, i.e., U2

CNOT = I.

68 QUANTUM COMPUTING

Let {|i〉} be the basis vectors, where i ∈ {0, 1}. The action of CNOT on
the input state |i〉|j〉 is written as |i〉|i⊕ j〉, where i⊕ j is an addition mod 2,
that is, 0⊕ 0 = 0, 0⊕ 1 = 1, 1⊕ 0 = 1 and 1⊕ 1 = 0.

EXERCISE 4.1 Show that the UCNOT cannot be written as a tensor prod-
uct of two one-qubit gates.

EXERCISE 4.2 Let (a|0〉 + b|1〉) ⊗ |0〉 be an input state to a CNOT gate.
What is the output state?

It is convenient to introduce graphical representations of quantum gates. A
one-qubit gate whose unitary matrix representation is U is depicted as

The left horizontal line is the input qubit state, while the right horizontal line
is the output qubit state. Therefore the time flows from the left to the right.

A CNOT gate is expressed as

where • denotes the control bit, while
⊕

denotes the conditional negation.
There may be many control bits (see CCNOT gate below).

More generally, we consider a controlled-U gate,

V = |0〉〈0|⊗ I + |1〉〈1|⊗ U, (4.7)

in which the target bit is acted on by a unitary transformation U only when
the control bit is |1〉. This gate is denoted graphically as

EXERCISE 4.3 (1) Find the matrix representation of the “upside down”
CNOT gate (a) in the basis {|00〉, |01〉, |10〉, |11〉}.

68 QUANTUM COMPUTING

Let {|i〉} be the basis vectors, where i ∈ {0, 1}. The action of CNOT on
the input state |i〉|j〉 is written as |i〉|i⊕ j〉, where i⊕ j is an addition mod 2,
that is, 0⊕ 0 = 0, 0⊕ 1 = 1, 1⊕ 0 = 1 and 1⊕ 1 = 0.

EXERCISE 4.1 Show that the UCNOT cannot be written as a tensor prod-
uct of two one-qubit gates.

EXERCISE 4.2 Let (a|0〉 + b|1〉) ⊗ |0〉 be an input state to a CNOT gate.
What is the output state?

It is convenient to introduce graphical representations of quantum gates. A
one-qubit gate whose unitary matrix representation is U is depicted as

The left horizontal line is the input qubit state, while the right horizontal line
is the output qubit state. Therefore the time flows from the left to the right.

A CNOT gate is expressed as

where • denotes the control bit, while
⊕

denotes the conditional negation.
There may be many control bits (see CCNOT gate below).

More generally, we consider a controlled-U gate,

V = |0〉〈0|⊗ I + |1〉〈1|⊗ U, (4.7)

in which the target bit is acted on by a unitary transformation U only when
the control bit is |1〉. This gate is denoted graphically as

EXERCISE 4.3 (1) Find the matrix representation of the “upside down”
CNOT gate (a) in the basis {|00〉, |01〉, |10〉, |11〉}.
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gate is easily found as

I = |0〉〈0| + |1〉〈1| =
(

1 0
0 1

)
. (4.1)

Similarly we introduce X : |0〉 → |1〉, |1〉 → |0〉, Y : |0〉 → −|1〉, |1〉 → |0〉,
and Z : |0〉 → |0〉, |1〉 → −|1〉, whose matrix representations are

X = |1〉〈0| + |0〉〈1| =
(

0 1
1 0

)
= σx, (4.2)

Y = |0〉〈1|− |1〉〈0| =
(

0 −1
1 0

)
= −iσy, (4.3)

Z = |0〉〈0|− |1〉〈1| =
(

1 0
0 −1

)
= σz . (4.4)

The transformation I is the trivial (identity) transformation, while X is the
negation (NOT), Z the phase shift and Y = XZ the combination of them. It
is easily verified that these gates are unitary.

The CNOT (controlled-NOT) gate is a two-qubit gate, which plays
quite an important role in quantum computation. The gate flips the sec-
ond qubit (the target qubit) when the first qubit (the control qubit) is
|1〉, while leaving the second bit unchanged when the first qubit state is |0〉.
Let {|00〉, |01〉, |10〉, |11〉} be a basis for the two-qubit system. In the following,
we use the standard basis vectors with components

|00〉 = (1, 0, 0, 0)t , |01〉 = (0, 1, 0, 0)t , |10〉 = (0, 0, 1, 0)t , |11〉 = (0, 0, 0, 1)t .

The action of the CNOT gate, whose matrix expression will be written as
UCNOT, is

UCNOT : |00〉 %→ |00〉, |01〉 %→ |01〉, |10〉 %→ |11〉, |11〉 %→ |10〉.

It has two equivalent expressions

UCNOT = |00〉〈00| + |01〉〈01|+ |11〉〈10|+ |10〉〈11|
= |0〉〈0|⊗ I + |1〉〈1|⊗X, (4.5)

having a matrix form

UCNOT =





1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0



 . (4.6)

The second expression of the RHS in Eq. (4.5) shows that the action of UCNOT

on the target qubit is I when the control qubit is in the state |0〉, while it is σx

when the control qubit is in |1〉. Verify that UCNOT is unitary and, moreover,
idempotent, i.e., U2

CNOT = I.
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quite an important role in quantum computation. The gate flips the sec-
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|1〉, while leaving the second bit unchanged when the first qubit state is |0〉.
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|00〉 = (1, 0, 0, 0)t , |01〉 = (0, 1, 0, 0)t , |10〉 = (0, 0, 1, 0)t , |11〉 = (0, 0, 0, 1)t .
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The second expression of the RHS in Eq. (4.5) shows that the action of UCNOT

on the target qubit is I when the control qubit is in the state |0〉, while it is σx

when the control qubit is in |1〉. Verify that UCNOT is unitary and, moreover,
idempotent, i.e., U2

CNOT = I.

Control-U Gate

68 QUANTUM COMPUTING

Let {|i〉} be the basis vectors, where i ∈ {0, 1}. The action of CNOT on
the input state |i〉|j〉 is written as |i〉|i⊕ j〉, where i⊕ j is an addition mod 2,
that is, 0⊕ 0 = 0, 0⊕ 1 = 1, 1⊕ 0 = 1 and 1⊕ 1 = 0.

EXERCISE 4.1 Show that the UCNOT cannot be written as a tensor prod-
uct of two one-qubit gates.

EXERCISE 4.2 Let (a|0〉 + b|1〉) ⊗ |0〉 be an input state to a CNOT gate.
What is the output state?

It is convenient to introduce graphical representations of quantum gates. A
one-qubit gate whose unitary matrix representation is U is depicted as

The left horizontal line is the input qubit state, while the right horizontal line
is the output qubit state. Therefore the time flows from the left to the right.

A CNOT gate is expressed as

where • denotes the control bit, while
⊕

denotes the conditional negation.
There may be many control bits (see CCNOT gate below).

More generally, we consider a controlled-U gate,

V = |0〉〈0|⊗ I + |1〉〈1|⊗ U, (4.7)

in which the target bit is acted on by a unitary transformation U only when
the control bit is |1〉. This gate is denoted graphically as

EXERCISE 4.3 (1) Find the matrix representation of the “upside down”
CNOT gate (a) in the basis {|00〉, |01〉, |10〉, |11〉}.

The following identity holds

CNOT = |0ih0|⌦ I + |1ih1|⌦X

=
1

2
(I + Z)⌦ I +

1

2
(I � Z)⌦X

=
1

2
I ⌦ (I +X) +

1

2
Z ⌦ (I �X)
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gate is easily found as

I = |0〉〈0| + |1〉〈1| =
(

1 0
0 1

)
. (4.1)

Similarly we introduce X : |0〉 → |1〉, |1〉 → |0〉, Y : |0〉 → −|1〉, |1〉 → |0〉,
and Z : |0〉 → |0〉, |1〉 → −|1〉, whose matrix representations are

X = |1〉〈0| + |0〉〈1| =
(

0 1
1 0

)
= σx, (4.2)

Y = |0〉〈1|− |1〉〈0| =
(

0 −1
1 0

)
= −iσy, (4.3)

Z = |0〉〈0|− |1〉〈1| =
(

1 0
0 −1

)
= σz . (4.4)

The transformation I is the trivial (identity) transformation, while X is the
negation (NOT), Z the phase shift and Y = XZ the combination of them. It
is easily verified that these gates are unitary.

The CNOT (controlled-NOT) gate is a two-qubit gate, which plays
quite an important role in quantum computation. The gate flips the sec-
ond qubit (the target qubit) when the first qubit (the control qubit) is
|1〉, while leaving the second bit unchanged when the first qubit state is |0〉.
Let {|00〉, |01〉, |10〉, |11〉} be a basis for the two-qubit system. In the following,
we use the standard basis vectors with components

|00〉 = (1, 0, 0, 0)t , |01〉 = (0, 1, 0, 0)t , |10〉 = (0, 0, 1, 0)t , |11〉 = (0, 0, 0, 1)t .

The action of the CNOT gate, whose matrix expression will be written as
UCNOT, is

UCNOT : |00〉 %→ |00〉, |01〉 %→ |01〉, |10〉 %→ |11〉, |11〉 %→ |10〉.

It has two equivalent expressions

UCNOT = |00〉〈00| + |01〉〈01|+ |11〉〈10|+ |10〉〈11|
= |0〉〈0|⊗ I + |1〉〈1|⊗X, (4.5)

having a matrix form

UCNOT =





1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0



 . (4.6)

The second expression of the RHS in Eq. (4.5) shows that the action of UCNOT

on the target qubit is I when the control qubit is in the state |0〉, while it is σx

when the control qubit is in |1〉. Verify that UCNOT is unitary and, moreover,
idempotent, i.e., U2

CNOT = I.
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I = |0〉〈0| + |1〉〈1| =
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0 1

)
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Similarly we introduce X : |0〉 → |1〉, |1〉 → |0〉, Y : |0〉 → −|1〉, |1〉 → |0〉,
and Z : |0〉 → |0〉, |1〉 → −|1〉, whose matrix representations are

X = |1〉〈0| + |0〉〈1| =
(

0 1
1 0

)
= σx, (4.2)

Y = |0〉〈1|− |1〉〈0| =
(

0 −1
1 0

)
= −iσy, (4.3)

Z = |0〉〈0|− |1〉〈1| =
(

1 0
0 −1

)
= σz . (4.4)

The transformation I is the trivial (identity) transformation, while X is the
negation (NOT), Z the phase shift and Y = XZ the combination of them. It
is easily verified that these gates are unitary.

The CNOT (controlled-NOT) gate is a two-qubit gate, which plays
quite an important role in quantum computation. The gate flips the sec-
ond qubit (the target qubit) when the first qubit (the control qubit) is
|1〉, while leaving the second bit unchanged when the first qubit state is |0〉.
Let {|00〉, |01〉, |10〉, |11〉} be a basis for the two-qubit system. In the following,
we use the standard basis vectors with components

|00〉 = (1, 0, 0, 0)t , |01〉 = (0, 1, 0, 0)t , |10〉 = (0, 0, 1, 0)t , |11〉 = (0, 0, 0, 1)t .

The action of the CNOT gate, whose matrix expression will be written as
UCNOT, is

UCNOT : |00〉 %→ |00〉, |01〉 %→ |01〉, |10〉 %→ |11〉, |11〉 %→ |10〉.

It has two equivalent expressions

UCNOT = |00〉〈00| + |01〉〈01|+ |11〉〈10|+ |10〉〈11|
= |0〉〈0|⊗ I + |1〉〈1|⊗X, (4.5)

having a matrix form

UCNOT =





1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0



 . (4.6)

The second expression of the RHS in Eq. (4.5) shows that the action of UCNOT

on the target qubit is I when the control qubit is in the state |0〉, while it is σx

when the control qubit is in |1〉. Verify that UCNOT is unitary and, moreover,
idempotent, i.e., U2

CNOT = I.
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negation (NOT), Z the phase shift and Y = XZ the combination of them. It
is easily verified that these gates are unitary.

The CNOT (controlled-NOT) gate is a two-qubit gate, which plays
quite an important role in quantum computation. The gate flips the sec-
ond qubit (the target qubit) when the first qubit (the control qubit) is
|1〉, while leaving the second bit unchanged when the first qubit state is |0〉.
Let {|00〉, |01〉, |10〉, |11〉} be a basis for the two-qubit system. In the following,
we use the standard basis vectors with components

|00〉 = (1, 0, 0, 0)t , |01〉 = (0, 1, 0, 0)t , |10〉 = (0, 0, 1, 0)t , |11〉 = (0, 0, 0, 1)t .

The action of the CNOT gate, whose matrix expression will be written as
UCNOT, is

UCNOT : |00〉 %→ |00〉, |01〉 %→ |01〉, |10〉 %→ |11〉, |11〉 %→ |10〉.
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The second expression of the RHS in Eq. (4.5) shows that the action of UCNOT

on the target qubit is I when the control qubit is in the state |0〉, while it is σx

when the control qubit is in |1〉. Verify that UCNOT is unitary and, moreover,
idempotent, i.e., U2

CNOT = I.

68 QUANTUM COMPUTING

Let {|i〉} be the basis vectors, where i ∈ {0, 1}. The action of CNOT on
the input state |i〉|j〉 is written as |i〉|i⊕ j〉, where i⊕ j is an addition mod 2,
that is, 0⊕ 0 = 0, 0⊕ 1 = 1, 1⊕ 0 = 1 and 1⊕ 1 = 0.

EXERCISE 4.1 Show that the UCNOT cannot be written as a tensor prod-
uct of two one-qubit gates.

EXERCISE 4.2 Let (a|0〉 + b|1〉) ⊗ |0〉 be an input state to a CNOT gate.
What is the output state?

It is convenient to introduce graphical representations of quantum gates. A
one-qubit gate whose unitary matrix representation is U is depicted as

The left horizontal line is the input qubit state, while the right horizontal line
is the output qubit state. Therefore the time flows from the left to the right.

A CNOT gate is expressed as

where • denotes the control bit, while
⊕

denotes the conditional negation.
There may be many control bits (see CCNOT gate below).

More generally, we consider a controlled-U gate,

V = |0〉〈0|⊗ I + |1〉〈1|⊗ U, (4.7)

in which the target bit is acted on by a unitary transformation U only when
the control bit is |1〉. This gate is denoted graphically as

EXERCISE 4.3 (1) Find the matrix representation of the “upside down”
CNOT gate (a) in the basis {|00〉, |01〉, |10〉, |11〉}.
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gate is easily found as

I = |0〉〈0| + |1〉〈1| =
(

1 0
0 1

)
. (4.1)

Similarly we introduce X : |0〉 → |1〉, |1〉 → |0〉, Y : |0〉 → −|1〉, |1〉 → |0〉,
and Z : |0〉 → |0〉, |1〉 → −|1〉, whose matrix representations are

X = |1〉〈0| + |0〉〈1| =
(

0 1
1 0

)
= σx, (4.2)

Y = |0〉〈1|− |1〉〈0| =
(

0 −1
1 0

)
= −iσy, (4.3)

Z = |0〉〈0|− |1〉〈1| =
(

1 0
0 −1

)
= σz . (4.4)

The transformation I is the trivial (identity) transformation, while X is the
negation (NOT), Z the phase shift and Y = XZ the combination of them. It
is easily verified that these gates are unitary.

The CNOT (controlled-NOT) gate is a two-qubit gate, which plays
quite an important role in quantum computation. The gate flips the sec-
ond qubit (the target qubit) when the first qubit (the control qubit) is
|1〉, while leaving the second bit unchanged when the first qubit state is |0〉.
Let {|00〉, |01〉, |10〉, |11〉} be a basis for the two-qubit system. In the following,
we use the standard basis vectors with components

|00〉 = (1, 0, 0, 0)t , |01〉 = (0, 1, 0, 0)t , |10〉 = (0, 0, 1, 0)t , |11〉 = (0, 0, 0, 1)t .

The action of the CNOT gate, whose matrix expression will be written as
UCNOT, is

UCNOT : |00〉 %→ |00〉, |01〉 %→ |01〉, |10〉 %→ |11〉, |11〉 %→ |10〉.

It has two equivalent expressions

UCNOT = |00〉〈00| + |01〉〈01|+ |11〉〈10|+ |10〉〈11|
= |0〉〈0|⊗ I + |1〉〈1|⊗X, (4.5)

having a matrix form

UCNOT =





1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0



 . (4.6)

The second expression of the RHS in Eq. (4.5) shows that the action of UCNOT

on the target qubit is I when the control qubit is in the state |0〉, while it is σx

when the control qubit is in |1〉. Verify that UCNOT is unitary and, moreover,
idempotent, i.e., U2

CNOT = I.

Quantum Gates, Quantum Circuit and Quantum Computation 67

gate is easily found as

I = |0〉〈0| + |1〉〈1| =
(

1 0
0 1

)
. (4.1)

Similarly we introduce X : |0〉 → |1〉, |1〉 → |0〉, Y : |0〉 → −|1〉, |1〉 → |0〉,
and Z : |0〉 → |0〉, |1〉 → −|1〉, whose matrix representations are

X = |1〉〈0| + |0〉〈1| =
(

0 1
1 0

)
= σx, (4.2)

Y = |0〉〈1|− |1〉〈0| =
(

0 −1
1 0

)
= −iσy, (4.3)

Z = |0〉〈0|− |1〉〈1| =
(

1 0
0 −1

)
= σz . (4.4)

The transformation I is the trivial (identity) transformation, while X is the
negation (NOT), Z the phase shift and Y = XZ the combination of them. It
is easily verified that these gates are unitary.

The CNOT (controlled-NOT) gate is a two-qubit gate, which plays
quite an important role in quantum computation. The gate flips the sec-
ond qubit (the target qubit) when the first qubit (the control qubit) is
|1〉, while leaving the second bit unchanged when the first qubit state is |0〉.
Let {|00〉, |01〉, |10〉, |11〉} be a basis for the two-qubit system. In the following,
we use the standard basis vectors with components

|00〉 = (1, 0, 0, 0)t , |01〉 = (0, 1, 0, 0)t , |10〉 = (0, 0, 1, 0)t , |11〉 = (0, 0, 0, 1)t .

The action of the CNOT gate, whose matrix expression will be written as
UCNOT, is

UCNOT : |00〉 %→ |00〉, |01〉 %→ |01〉, |10〉 %→ |11〉, |11〉 %→ |10〉.

It has two equivalent expressions

UCNOT = |00〉〈00| + |01〉〈01|+ |11〉〈10|+ |10〉〈11|
= |0〉〈0|⊗ I + |1〉〈1|⊗X, (4.5)

having a matrix form
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The second expression of the RHS in Eq. (4.5) shows that the action of UCNOT

on the target qubit is I when the control qubit is in the state |0〉, while it is σx

when the control qubit is in |1〉. Verify that UCNOT is unitary and, moreover,
idempotent, i.e., U2

CNOT = I.

Control-U Gate

68 QUANTUM COMPUTING

Let {|i〉} be the basis vectors, where i ∈ {0, 1}. The action of CNOT on
the input state |i〉|j〉 is written as |i〉|i⊕ j〉, where i⊕ j is an addition mod 2,
that is, 0⊕ 0 = 0, 0⊕ 1 = 1, 1⊕ 0 = 1 and 1⊕ 1 = 0.

EXERCISE 4.1 Show that the UCNOT cannot be written as a tensor prod-
uct of two one-qubit gates.

EXERCISE 4.2 Let (a|0〉 + b|1〉) ⊗ |0〉 be an input state to a CNOT gate.
What is the output state?

It is convenient to introduce graphical representations of quantum gates. A
one-qubit gate whose unitary matrix representation is U is depicted as

The left horizontal line is the input qubit state, while the right horizontal line
is the output qubit state. Therefore the time flows from the left to the right.

A CNOT gate is expressed as

where • denotes the control bit, while
⊕

denotes the conditional negation.
There may be many control bits (see CCNOT gate below).

More generally, we consider a controlled-U gate,

V = |0〉〈0|⊗ I + |1〉〈1|⊗ U, (4.7)

in which the target bit is acted on by a unitary transformation U only when
the control bit is |1〉. This gate is denoted graphically as

EXERCISE 4.3 (1) Find the matrix representation of the “upside down”
CNOT gate (a) in the basis {|00〉, |01〉, |10〉, |11〉}.

The following identity holds

CNOT = |0ih0|⌦ I + |1ih1|⌦X

=
1

2
(I + Z)⌦ I +

1

2
(I � Z)⌦X

=
1

2
I ⌦ (I +X) +

1

2
Z ⌦ (I �X)
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gate is easily found as

I = |0〉〈0| + |1〉〈1| =
(

1 0
0 1

)
. (4.1)

Similarly we introduce X : |0〉 → |1〉, |1〉 → |0〉, Y : |0〉 → −|1〉, |1〉 → |0〉,
and Z : |0〉 → |0〉, |1〉 → −|1〉, whose matrix representations are

X = |1〉〈0| + |0〉〈1| =
(

0 1
1 0

)
= σx, (4.2)

Y = |0〉〈1|− |1〉〈0| =
(

0 −1
1 0

)
= −iσy, (4.3)

Z = |0〉〈0|− |1〉〈1| =
(

1 0
0 −1

)
= σz . (4.4)

The transformation I is the trivial (identity) transformation, while X is the
negation (NOT), Z the phase shift and Y = XZ the combination of them. It
is easily verified that these gates are unitary.

The CNOT (controlled-NOT) gate is a two-qubit gate, which plays
quite an important role in quantum computation. The gate flips the sec-
ond qubit (the target qubit) when the first qubit (the control qubit) is
|1〉, while leaving the second bit unchanged when the first qubit state is |0〉.
Let {|00〉, |01〉, |10〉, |11〉} be a basis for the two-qubit system. In the following,
we use the standard basis vectors with components

|00〉 = (1, 0, 0, 0)t , |01〉 = (0, 1, 0, 0)t , |10〉 = (0, 0, 1, 0)t , |11〉 = (0, 0, 0, 1)t .

The action of the CNOT gate, whose matrix expression will be written as
UCNOT, is

UCNOT : |00〉 %→ |00〉, |01〉 %→ |01〉, |10〉 %→ |11〉, |11〉 %→ |10〉.

It has two equivalent expressions

UCNOT = |00〉〈00| + |01〉〈01|+ |11〉〈10|+ |10〉〈11|
= |0〉〈0|⊗ I + |1〉〈1|⊗X, (4.5)

having a matrix form

UCNOT =





1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0



 . (4.6)

The second expression of the RHS in Eq. (4.5) shows that the action of UCNOT

on the target qubit is I when the control qubit is in the state |0〉, while it is σx

when the control qubit is in |1〉. Verify that UCNOT is unitary and, moreover,
idempotent, i.e., U2

CNOT = I.
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Let {|i〉} be the basis vectors, where i ∈ {0, 1}. The action of CNOT on
the input state |i〉|j〉 is written as |i〉|i⊕ j〉, where i⊕ j is an addition mod 2,
that is, 0⊕ 0 = 0, 0⊕ 1 = 1, 1⊕ 0 = 1 and 1⊕ 1 = 0.

EXERCISE 4.1 Show that the UCNOT cannot be written as a tensor prod-
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What is the output state?
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The left horizontal line is the input qubit state, while the right horizontal line
is the output qubit state. Therefore the time flows from the left to the right.
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Let {|i〉} be the basis vectors, where i ∈ {0, 1}. The action of CNOT on
the input state |i〉|j〉 is written as |i〉|i⊕ j〉, where i⊕ j is an addition mod 2,
that is, 0⊕ 0 = 0, 0⊕ 1 = 1, 1⊕ 0 = 1 and 1⊕ 1 = 0.

EXERCISE 4.1 Show that the UCNOT cannot be written as a tensor prod-
uct of two one-qubit gates.

EXERCISE 4.2 Let (a|0〉 + b|1〉) ⊗ |0〉 be an input state to a CNOT gate.
What is the output state?

It is convenient to introduce graphical representations of quantum gates. A
one-qubit gate whose unitary matrix representation is U is depicted as

The left horizontal line is the input qubit state, while the right horizontal line
is the output qubit state. Therefore the time flows from the left to the right.

A CNOT gate is expressed as

where • denotes the control bit, while
⊕

denotes the conditional negation.
There may be many control bits (see CCNOT gate below).

More generally, we consider a controlled-U gate,

V = |0〉〈0|⊗ I + |1〉〈1|⊗ U, (4.7)

in which the target bit is acted on by a unitary transformation U only when
the control bit is |1〉. This gate is denoted graphically as

EXERCISE 4.3 (1) Find the matrix representation of the “upside down”
CNOT gate (a) in the basis {|00〉, |01〉, |10〉, |11〉}.
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gate is easily found as

I = |0〉〈0| + |1〉〈1| =
(

1 0
0 1

)
. (4.1)

Similarly we introduce X : |0〉 → |1〉, |1〉 → |0〉, Y : |0〉 → −|1〉, |1〉 → |0〉,
and Z : |0〉 → |0〉, |1〉 → −|1〉, whose matrix representations are

X = |1〉〈0| + |0〉〈1| =
(

0 1
1 0

)
= σx, (4.2)

Y = |0〉〈1|− |1〉〈0| =
(

0 −1
1 0

)
= −iσy, (4.3)

Z = |0〉〈0|− |1〉〈1| =
(

1 0
0 −1

)
= σz . (4.4)

The transformation I is the trivial (identity) transformation, while X is the
negation (NOT), Z the phase shift and Y = XZ the combination of them. It
is easily verified that these gates are unitary.

The CNOT (controlled-NOT) gate is a two-qubit gate, which plays
quite an important role in quantum computation. The gate flips the sec-
ond qubit (the target qubit) when the first qubit (the control qubit) is
|1〉, while leaving the second bit unchanged when the first qubit state is |0〉.
Let {|00〉, |01〉, |10〉, |11〉} be a basis for the two-qubit system. In the following,
we use the standard basis vectors with components

|00〉 = (1, 0, 0, 0)t , |01〉 = (0, 1, 0, 0)t , |10〉 = (0, 0, 1, 0)t , |11〉 = (0, 0, 0, 1)t .

The action of the CNOT gate, whose matrix expression will be written as
UCNOT, is

UCNOT : |00〉 %→ |00〉, |01〉 %→ |01〉, |10〉 %→ |11〉, |11〉 %→ |10〉.

It has two equivalent expressions

UCNOT = |00〉〈00| + |01〉〈01|+ |11〉〈10|+ |10〉〈11|
= |0〉〈0|⊗ I + |1〉〈1|⊗X, (4.5)

having a matrix form

UCNOT =





1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0



 . (4.6)

The second expression of the RHS in Eq. (4.5) shows that the action of UCNOT

on the target qubit is I when the control qubit is in the state |0〉, while it is σx

when the control qubit is in |1〉. Verify that UCNOT is unitary and, moreover,
idempotent, i.e., U2

CNOT = I.
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The second expression of the RHS in Eq. (4.5) shows that the action of UCNOT

on the target qubit is I when the control qubit is in the state |0〉, while it is σx
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Control-U Gate
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Let {|i〉} be the basis vectors, where i ∈ {0, 1}. The action of CNOT on
the input state |i〉|j〉 is written as |i〉|i⊕ j〉, where i⊕ j is an addition mod 2,
that is, 0⊕ 0 = 0, 0⊕ 1 = 1, 1⊕ 0 = 1 and 1⊕ 1 = 0.

EXERCISE 4.1 Show that the UCNOT cannot be written as a tensor prod-
uct of two one-qubit gates.

EXERCISE 4.2 Let (a|0〉 + b|1〉) ⊗ |0〉 be an input state to a CNOT gate.
What is the output state?

It is convenient to introduce graphical representations of quantum gates. A
one-qubit gate whose unitary matrix representation is U is depicted as

The left horizontal line is the input qubit state, while the right horizontal line
is the output qubit state. Therefore the time flows from the left to the right.

A CNOT gate is expressed as

where • denotes the control bit, while
⊕

denotes the conditional negation.
There may be many control bits (see CCNOT gate below).

More generally, we consider a controlled-U gate,

V = |0〉〈0|⊗ I + |1〉〈1|⊗ U, (4.7)

in which the target bit is acted on by a unitary transformation U only when
the control bit is |1〉. This gate is denoted graphically as

EXERCISE 4.3 (1) Find the matrix representation of the “upside down”
CNOT gate (a) in the basis {|00〉, |01〉, |10〉, |11〉}.

The following identity holds

CNOT = |0ih0|⌦ I + |1ih1|⌦X

=
1

2
(I + Z)⌦ I +

1

2
(I � Z)⌦X

=
1

2
I ⌦ (I +X) +

1

2
Z ⌦ (I �X)
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