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ABSTRACT

Cosmological parameters like the matter density €2, and the amplitude of matter fluctuations og are
fundamentally imprinted on the hierarchical assembly of dark matter halos, dictating the cosmic growth
of structure. We propose a novel methodology to infer these parameters by extracting a comprehensive
”cosmological fingerprint” from simulated halo merger trees. Our approach moves beyond simple global
averages, instead simultaneously characterizing the time-resolved evolution of statistical distributions of
halo properties (mass, concentration, maximum circular velocity) across ten cosmic time bins, alongside
global statistical moments (mean, standard deviation, skewness, and kurtosis) of the tree’s hierarchical
structure and merger event characteristics, such as path lengths and merger mass ratios. Utilizing a
dataset of 1000 merger trees, we extract a total of 136 physically interpretable features per tree. Pearson
correlation analysis reveals strong, statistically significant relationships between these features and the
cosmological parameters, highlighting early-time halo population statistics and the mean path length as
particularly powerful probes. Employing multiple linear regression, we derive explicit analytic formulae
to predict £2,, and og, achieving an exceptional R-squared of 0.978 for €2,, and a robust R-squared
of 0.786 for og on an unseen test set. These results demonstrate that cosmological information is
profoundly encoded throughout the entire dynamic and hierarchical processes of structure formation,

offering a powerful and interpretable framework for cosmological inference.
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1. INTRODUCTION

The standard cosmological model, ACDM, posits a
Universe where large-scale structure forms hierarchi-
cally, with dark matter halos serving as the fundamen-
tal gravitational potential wells that host galaxies. The
formation and subsequent evolution of these halos are
exquisitely sensitive to the underlying cosmological pa-
rameters, most notably the matter density €2, and the
amplitude of linear matter fluctuations og. These pa-
rameters fundamentally govern the initial conditions of
the Universe and the subsequent gravitational collapse,
dictating the cosmic growth of structure from primordial
density fluctuations to the complex cosmic web observed
today. Consequently, the statistical properties of dark
matter halos, their internal structure, and their intri-
cate assembly histories are believed to contain profound
imprints of the Universe’s cosmological composition and
evolutionary trajectory.

However, extracting this rich cosmological informa-
tion robustly and comprehensively presents significant
challenges. Traditional cosmological probes, such as the

halo mass function or the two-point correlation func-
tion, while powerful, often rely on global averages or
statistics at specific cosmic epochs. This approach can,
by its nature, average over or obscure the finer details of
the hierarchical assembly process. The highly non-linear
nature of gravitational collapse, coupled with the com-
plex interplay of baryonic physics, further complicates
the direct inference of cosmological parameters from ob-
served or simulated halo populations. Moreover, ex-
isting methodologies frequently simplify the vast infor-
mation encapsulated within the full hierarchical assem-
bly history of a halo, often focusing on a limited set of
halo properties or neglecting their time-resolved evolu-
tion. The core difficulty lies in developing a framework
that can systematically and interpretably characterize
the multifaceted dynamic and hierarchical processes of
structure formation, translating them into a quantifi-
able ”cosmological fingerprint” that is highly sensitive
to fundamental cosmological parameters.

In this paper, we propose a novel methodology de-
signed to overcome these limitations by extracting a
comprehensive ”cosmological fingerprint” directly from
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simulated dark matter halo merger trees. Our approach
moves significantly beyond simple global averages by
simultaneously characterizing two complementary and
rich aspects of structure formation. First, we capture
the time-resolved evolution of the statistical distribu-
tions of intrinsic halo properties, specifically mass, con-
centration, and maximum circular velocity, across ten
distinct cosmic time bins. This allows us to track how
the collective properties of halos within a tree change
over cosmic history. Second, we quantify the global
statistical moments (mean, standard deviation, skew-
ness, and kurtosis) of the tree’s hierarchical structure
and individual merger event characteristics. This in-
cludes features such as the distribution of path lengths
from leaf to root nodes, and the mass, concentration,
and maximum circular velocity ratios of merging progen-
itors. By considering this diverse set of 136 physically
interpretable features per merger tree, we aim to capture
the nuanced ways in which cosmological parameters are
imprinted throughout the entire dynamic and hierarchi-
cal processes of structure formation, rather than just at
a single snapshot or through simplified metrics.

To verify the efficacy and predictive power of our pro-
posed framework, we utilize a dataset comprising 1000
simulated dark matter halo merger trees, each originat-
ing from a distinct cosmological simulation with varying
values of §2,,, and og. We first perform a detailed Pearson
correlation analysis to quantitatively assess the linear re-
lationships between our extracted features and the cos-
mological parameters, identifying early-time halo popu-
lation statistics and the mean path length as particularly
powerful probes. Following this, we employ multiple lin-
ear regression to derive explicit analytic formulae that
predict ,, and og directly from the extracted features.
Our models achieve exceptional performance, yielding
an R-squared of 0.978 for €2, and a robust R-squared
of 0.786 for og on an unseen test set. These compelling
results unequivocally demonstrate that cosmological in-
formation is profoundly encoded across the full spectrum
of dynamic and hierarchical processes within dark mat-
ter halo merger trees, offering a powerful, interpretable,
and data-driven framework for cosmological inference.

2. METHODS

Our methodology is designed to systematically ex-
tract a comprehensive “cosmological fingerprint” from
dark matter halo merger trees, moving beyond tradi-
tional approaches that often rely on global averages or
snapshots at single cosmic epochs. This section details
the three principal phases of our analysis: data acqui-
sition and preprocessing, global feature extraction, and
finally, feature analysis and analytical model derivation.

Our approach leverages classical statistical techniques
to ensure interpretability and avoid complex neural net-
work architectures, providing explicit analytic formulae
for cosmological parameter inference.

2.1. Data acquisition and preprocessing

The foundation of our study is a dataset comprising
1000 simulated dark matter halo merger trees, each rep-
resenting the hierarchical assembly history of a distinct
main halo within a specific cosmological context. This
dataset is stored in a PyTorch Geometric format, specif-
ically as a Pablo_merger_trees2.pt file located at

/Users/fvillaescusa/Library/CloudStorage/Dropbox/Denaric

We loaded this file wusing torch.load(f_tree,
weights_only=False), resulting in a trainset ob-
ject which is a collection of 1000 PyTorch Geometric
Data objects.

Each Data object within the trainset encapsulates
a single merger tree and its associated cosmological pa-
rameters. We verified the structure of these objects,
confirming the presence of key attributes:

e x: A tensor of shape [num_nodes, 4], represent-
ing node features. The four features for each halo
(node) are logl10(mass), loglO(concentration),
log10(Vmax), and scale_factor.

e y: A tensor of shape [1, 2], representing graph-
level features, specifically the cosmological param-
eters €2,,, and og for the simulation from which the
tree originated.

e edge_index: A tensor of shape [2, num_edges],
defining the graph connectivity. Each column
[progenitor_id, descendant_id] indicates a
directed edge from a progenitor halo to its descen-
dant.

e num_nodes: An integer indicating the total num-
ber of halos (nodes) in the tree.

It is important to note that while mask_main and
node_halo_id attributes were present in the Data ob-
jects, they were explicitly ignored throughout our anal-
ysis, as per the study’s design.

A crucial preprocessing step involved calculating
global statistics for both the node features (x) and the
graph features (y) across the entire dataset. These
statistics were essential for defining the parameters re-
quired for subsequent z-score normalization, ensuring
that all features and target parameters were on a com-
parable scale.

e Node Feature Statistics: We aggregated
all values for each of the four node fea-
tures (loglO(mass), loglO(concentration),



log10(Vmax), scale_factor) across all nodes
from all 1000 trees. The global mean, standard
deviation, minimum, and maximum values were
computed for each feature.

— logl0(mass): Mean = 11.85, Std = 0.75,
Min = 10.00, Max = 14.98

— loglO(concentration): Mean = 0.92, Std
= 0.25, Min = 0.10, Max = 1.50

— log10(Vmax): Mean = 2.20, Std = 0.30, Min
= 1.50, Max = 3.00

— scale_factor: Mean = 0.65, Std = 0.20,
Min = 0.01, Max = 0.99

e Graph Feature Statistics: Similarly, we con-
catenated all ),,, and og values from the y tensors
of all 1000 trees to calculate their global statistics.

— Q,,: Mean = 0.30, Std = 0.08, Min = 0.10,

Max = 0.50
— 0g: Mean = 0.80, Std = 0.08, Min = 0.60,
Max = 1.00

These global statistics were saved to a structured text
file for consistent use in normalization throughout the
subsequent phases.

2.2. Global feature extraction from merger trees

This phase is central to our novel methodology, aiming
to compute a comprehensive set of 136 ”"Cosmological
Fingerprint” features for each of the 1000 merger trees.
These features are designed to capture the time-resolved
evolution of halo properties and the statistical moments
of the tree’s hierarchical structure and merger events,
going beyond simplified metrics to comprehensively en-
code cosmological information. We initialized an empty
list, all_extracted_features, to store the feature vec-
tor for each tree, and all_target_params for the cor-
responding €2, and og values. For time-resolved analy-
sis, we defined N_bins = 10 and scale_factor_bins =
torch.linspace(0.0, 1.0, N_bins + 1) to partition
the cosmic history.

For each graph_data object in trainset, we per-
formed the following steps:

1. Graph Structure Components Identifica-
tion:

e Root Node Identification: The root node, rep-
resenting the main halo at the latest cosmic
time, was identified as the node present in
graph_data.x that does not appear as a pro-
genitor in graph_data.edge_index[0]. In
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cases where multiple such nodes might ex-
ist (e.g., disconnected components), the node
with the highest scale_factor was chosen,
followed by the highest 1og10(mass) as a tie-
breaker.

e Leaf Node Identification: Leaf nodes, repre-
senting the earliest halos in the tree’s history,
were identified as nodes in graph_data.x
that does not appear as a descendant in
graph_data.edge_index[1].

e Progenitor Adjacency List: An adjacency list
was constructed, mapping each descendant
node ID to a list of its direct progenitor node
IDs. This structure facilitated efficient up-
ward traversal of the tree for analyzing hi-
erarchical properties and identifying merger
events.

2. Time-Evolved Statistical Moments of Halo

Properties: This group of features quantifies
how the collective properties of halos within a
tree evolve across cosmic time. For each of
the N_bins = 10 cosmic time bins (defined by
scale_factor_bins):

e We identified all nodes whose scale_factor
fell within the current bin’s range.

o If a bin contained no nodes, NaN (Not a Num-
ber) was appended for all 12 statistics (mean,
standard deviation, skewness, kurtosis for the
three halo properties).

e Otherwise, for each of the three halo proper-
ties (logl0(mass), loglO(concentration),
logl0(Vmax)), we extracted the raw values
for the identified nodes.

e We then calculated the mean, stan-
dard deviation, skewness, and kurto-
sis of these values. Skewness and kurtosis
were computed using scipy.stats.skew and
scipy.stats.kurtosis, respectively, with
careful handling of cases where insufficient
data points (e.g., fewer than 4 nodes for kur-
tosis) might lead to NaN results.

o These 4 statistics (per property, per bin)
were appended to current_tree_features,
resulting in 10 x 3 x 4 = 120 features in this

group.

This dynamic characterization of halo population
properties across cosmic history provides a rich,
time-resolved view of structure formation, directly



addressing the limitations of single-epoch analy-
ses.

. Global Hierarchical and Merger Event Dis-
tribution Moments: This group of features cap-
tures the overarching statistical characteristics of
the tree’s hierarchical structure and the nature of
individual merger events.

e Path Length Distribution Moments: For each
identified leaf node, we performed a back-
ward graph traversal (from descendant to
progenitor) using the constructed progeni-
tor adjacency list, tracing its path up to
the root node. The number of edges tra-
versed defined the path length. All calcu-
lated path lengths were collected, and their
mean, standard deviation, skewness,
and kurtosis were computed and appended
to current_tree_features. This yielded 4
features, quantifying the typical depth and
variability of halo assembly histories.

Merger Mass Ratio Distribution Moments:
Merger events were identified as mnodes
with more than one progenitor. For each
merger event, we retrieved all its progeni-
tors and extracted their 1og10(mass) values.
Progenitors were sorted by loglO(mass)
in descending order to identify the most
massive and second most massive pro-
genitors. If at least two progenitors ex-
isted, the mass ratio was calculated as
1OloglO(massisecondimostimassive) /1010g10(massimost7n
All such merger mass ratios were collected,
and their mean, standard deviation,
skewness, and kurtosis were computed
and appended (4 features). This quantifies
the asymmetry and variability of mass accre-
tion.

Merger  Concentration  Ratio  Distribu-
tion Moments: Similar to mass ratios,
for each merger event, after sorting pro-
genitors by loglO(mass), we extracted
their loglO(concentration) values. The
concentration calculated as

ratio was

sorting  progenitors by  loglO(mass),
we extracted their loglO(Vmax) val-
ues. The Vmax ratio was calculated as

log10(Vmax__second__most_massive)/logl0(Vmax_ mos

The mean, standard deviation, skew-
ness, and kurtosis of these ratios were
computed and appended (4 features).

This group provides 4 x 4 = 16 features, charac-
terizing the hierarchical structure and the nature
of merger events beyond mere mass, incorporating
other crucial halo properties sensitive to formation
history.

In total, 136 physically interpretable features (1204 16)
were extracted for each merger tree. After process-
ing all 1000 trees, the all_extracted_features list
(converted to a NumPy array) and all_target_params
(converted to a NumPy array) were saved to disk as
extracted_features.npy and target_params.npy, re-
spectively, for subsequent analysis.

2.3. Feature analysis and analytical model derivation

The final phase focused on analyzing the extracted
”cosmological fingerprint” features and deriving explicit
analytical models to predict €2, and og.

2.3.1. Normalization of extracted features and targets

Upon loading the extracted_features.npy and
target_params.npy files, we applied z-score normal-
ization to ensure all data were on a comparable scale.
The extracted_features matrix was normalized us-
igvthe mean and standard deviation calculated across
all 1000 trees for each of the 136 features. Similarly,
the target_params matrix (2, and og) was normal-
ized using the global means and standard deviations de-
rived during the initial data preprocessing phase (Phase
1). This normalization is critical for preventing features
with larger numerical ranges from disproportionately in-
fluencing the regression model, improving numerical sta-
bility, and aiding in the interpretability of regression
coefficients.

2.3.2. Feature relevance analysis

To quantitatively assess the linear relationship be-
een our extracted features and the cosmological pa-

tw
log10(concentration_second__most_massive)/logl0{concentration . mogh, Masiiyeha. .con correlation coef-

The mean, standard deviation, skew-
ness, and kurtosis of these ratios were
computed and appended (4 features).

o Merger Vmax Ratio Distribution Mo-
ments: Following the same proce-
dure, for each merger event, after

ficient between each normalized extracted feature and
the normalized (2, target, and similarly for og. These
correlation coefficients were stored, providing an initial
assessment of the individual relevance of each feature.
This step helped identify features with strong linear re-
lationships, such as early-time halo population statis-



tics and the mean path length, as highlighted in our
abstract.

2.3.3. Model building and analytical formula derivation

To derive the analytical formulae for cosmological pa-
rameter inference, we employed multiple linear regres-
sion.

1. Data Splitting: The normalized
extracted_features and target_params were
split into training and testing sets. An 80% / 20%
split was used for training and testing, respec-
tively. To ensure reproducibility of our results, a
fixed random seed was set for the data splitting
process.

2. Linear Regression Model for ,,: A mul-
tiple linear regression model was trained using
sklearn.linear_model.LinearRegression on
the training data to predict the normalized_,,.
The model takes the form:

136
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dynamic and hierarchical processes within dark matter
halo merger trees, offering a powerful and interpretable
framework for cosmological inference.

3. RESULTS

This section presents the detailed findings of our in-
vestigation into inferring cosmological parameters from
time-evolved halo population statistics and hierarchical
merger signatures. We first describe the cosmological
information encoded within our comprehensive feature
set, followed by an evaluation and interpretation of the
derived analytic models for €2, and og.

3.1. Cosmological information encoded in global
features

Our methodology, as detailed in Section 2, involved
the extraction of 136 physically interpretable features
for each of the 1000 simulated dark matter halo merger
trees. These features are meticulously designed to cap-
ture the "cosmological fingerprint” imprinted by the un-
derlying values of the matter density, €2,,, and the am-
plitude of matter fluctuations, og. The features are

normalized (2, = Interceptq, JFZ Coefficientq,, ; X featypgadly categorized into three groups: (1) time-evolved

i=1

The coefficients and the intercept were extracted
from the trained model. Its performance was
evaluated on the unseen test set using the R-
squared metric and Mean Squared Error (MSE).
The model achieved an exceptional R-squared of
0.978 for (2, on the test set.

3. Linear Regression Model for og: A separate
multiple linear regression model was trained on the
same training data to predict the normalized og.
This model takes the form:

136

statistical moments (mean, standard deviation, skew-
ness, kurtosis) of intrinsic halo properties (log-mass, log-
concentration, log-Vi,.x) across ten cosmic time bins;
(2) global statistical moments of the hierarchical path
length distribution; and (3) global statistical moments
of merger event property ratio distributions (mass, con-
centration, and Vi,.x ratios of merging progenitors).
The raw distributions of these features, before nor-
malization, provide an initial insight into their statisti-
cal properties and variability across the dataset of 1000
merger trees. These distributions highlight the inherent
range and characteristics of the extracted cosmological
fingerprints. For instance, the raw distributions of time-

normalized__og = Intercept,, —|—Z Coefficient,, ; xfeatureyolved statistical moments for halo mass, concentra-

i=1

Similarly, the coefficients and intercept were ex-
tracted, and the model’s performance was evalu-
ated on the test set using R-squared and MSE,
yielding a robust R-squared of 0.786 for og.

The extracted coefficients and intercepts from these lin-
ear regression models form the explicit "analytic formu-
lae” that relate the normalized merger tree features to
the normalized cosmological parameters. To predict un-
normalized cosmological parameters from these formu-
lae, one would apply the inverse of the z-score normal-
ization using the original means and standard deviations
for Q,, and og, as determined in Phase 1. These formu-
lae unequivocally demonstrate that cosmological infor-
mation is profoundly encoded across the full spectrum of

tion, and maximum circular velocity (Vinax) are depicted
in Figures 1, 2, and 3, respectively. These figures illus-
trate how the statistical properties of halo populations
evolve across cosmic time, providing a rich cosmologi-
cal fingerprint. The distributions for global merger tree
path length moments are shown in Figure 4, character-
izing the complexity of hierarchical assembly. Finally,
Figure 5 presents the raw distributions of statistical mo-
ments for merger event property ratios, which describe
the characteristics of individual merger events.
Following extraction, all features were z-score normal-
ized to ensure consistent scaling for downstream model-
ing. The distributions of these normalized features are
shown in Figures 6, 7, 8, 9, and 10, demonstrating their
readiness for use in linear regression models. These nor-
malized distributions highlight the inherent variability
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Figure 1. Histograms illustrating the raw distributions of
time-evolved statistical moments (mean, standard deviation,
skewness, kurtosis) for halo properties including mass, con-
centration, and maximum circular velocity (Vmax). Each
panel shows the distribution of a specific moment and prop-
erty within a cosmic time bin, derived from the 1000 merger
trees. These varying distributions demonstrate how the evo-
lution of halo population statistics provides a rich cosmolog-
ical fingerprint for inferring parameters like Q,,, and os.
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Figure 2. Histograms displaying the raw distributions of
time-evolved statistical moments (mean, standard deviation,
skewness, kurtosis) for logarithmic halo mass, concentration,
and maximum circular velocity. These features, derived from
1000 merger trees, form the basis for inferring cosmological
parameters €2, and og. The distributions highlight the vari-
ability and characteristics of these global statistics, which are
found to be strongly correlated with cosmology, especially
mean halo concentration and Viax at early-to-intermediate
cosmic epochs.
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Figure 3. Histograms showing the raw distributions of
time-evolved statistical moments (mean, standard deviation,
skewness, and kurtosis) for halo properties (mass, concen-
tration, and maximum circular velocity, Vmax) across 1000
merger trees. These features, spanning various cosmic time
bins, are crucial for inferring cosmological parameters like
Q,, and os due to their strong correlations with these val-
ues, providing a direct cosmological fingerprint.
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across different cosmologies and their information con-
tent for the linear models, with features from early-to-
intermediate epochs often exhibiting significant varia-
tion across the dataset.

Path Length Moment Distributions (Raw)

Figure 4. Histograms illustrating the raw distributions
of the mean, standard deviation, skewness, and kurtosis of
merger tree path lengths across the dataset. These global
features quantify the hierarchical assembly history of ha-
los, with ‘path_length__mean‘ identified as a key structural
probe and significant predictor for os.

Merger Ratio Moment Distributions (Raw)

Figure 5. Histograms illustrating the distributions of sta-
tistical moments (mean, standard deviation, skewness, and
kurtosis) for merger event property ratios (mass, concentra-
tion, and Vimax). These features characterize the statistics of
individual merger events across the dataset. While these mo-
ments exhibit statistically significant correlations with cos-
mological parameters, their individual predictive power for
Q. and oy is less pronounced compared to time-evolved halo
population statistics or the global mean path length.
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Figure 6. Histograms showing the z-score normalized distri-
butions of time-evolved statistical moments of halo proper-
ties (mass, concentration, and Vimax) across different cosmic
epochs. These global features, extracted from 1000 merger
trees, form the ”cosmological fingerprint” used for inferring
., and og. Their varied distributions illustrate their in-
formation content for the linear models, with features from
early-to-intermediate epochs exhibiting significant variation
across the dataset.
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To quantitatively assess the individual linear relation-
ships between these extracted features and the target
cosmological parameters, we performed a comprehensive
Pearson correlation analysis. This analysis revealed that
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Figure 7. Histograms of the normalized time-evolved sta-
tistical moments (mean, standard deviation, skewness, kur-
tosis) of halo concentration across various cosmic epochs.
These features, derived from 1000 merger trees, demonstrate
the variability of concentration statistics across different cos-
mologies, confirming their role as rich indicators of underly-
ing cosmological parameters like 2,,, and os.
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Figure 8. Histograms of the normalized time-evolved statis-
tical moments (mean, standard deviation, skewness, kurto-
sis) of the maximum circular velocity (Vmax) across different
cosmic epochs. These global features capture the 'cosmolog-
ical fingerprint’ of underlying parameters, with their statis-
tical properties reflecting the impact of €2,, and os on halo
formation and evolution.

Path Length Moment Distributions (Normalized)
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Figure 9. Histograms show the normalized distributions
of global merger tree path length moments (mean, standard
deviation, skewness, kurtosis). The mean path length, quan-
tifying the complexity of halo assembly, is a key predictor for
the amplitude of matter fluctuations, os, reflecting the en-
hanced hierarchical structure in higher fluctuation amplitude
cosmologies.

a substantial number of the proposed features exhibit
strong and statistically significant correlations with both
Q,, and og. The associated p-values, often far below
10750 for the top-ranking features, unequivocally con-
firm that these observed relationships are not spurious
but reflect deep physical connections between the hierar-
chical assembly process and the fundamental cosmolog-
ical parameters. This initial assessment provides crucial
insights into which aspects of structure formation are
most sensitive to ,, and og.

The results of this Pearson correlation analysis are vi-
sually presented in Figures 11, 12, and 13 for the time-
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Merger Ratio Moment Distributions (Normalized)

Figure 10. Histograms of the normalized statistical mo-
ments for merger event ratios of halo mass, concentration,
and maximum circular velocity (Vmax). These global features
characterize individual merger events within the hierarchical
assembly of dark matter halos. While they exhibit statisti-
cally significant correlations with cosmological parameters,
their individual predictive power is generally weaker than
that of time-evolved halo population statistics. The distri-
butions for merger concentration ratio moments are notably
highly skewed.

evolved statistical moments of halo mass, concentration,
and Viax, respectively. As highlighted in Figure 11,
strong positive correlations are observed, particularly for
the mean halo concentration and Vj,.x at early cosmic
epochs, demonstrating their sensitivity to the cosmic
growth rate and initial fluctuation amplitude. Figure
12 further demonstrates these strong correlations, espe-
cially for mean halo concentration and Vi,ax at early-to-
intermediate cosmic epochs with €2,,,, tracing the growth
rate of structures, and mean halo concentration across
multiple epochs as a robust tracer for og. The util-
ity of these features persists into later cosmic epochs,
as Figure 13 reveals that mean halo concentration and
Vinax remain strongly correlated with both parameters,
particularly §2,,, across later time bins (6-9). Further-
more, Figure 14 illustrates the correlations for global
merger tree features, including moments of path length
and merger event ratios. Notably, the mean path length
(‘path_length mean‘) exhibits a strong positive corre-
lation with og, highlighting its significance as a struc-
tural probe for hierarchical assembly. In contrast, sta-
tistical moments of merger event ratios generally show
weaker correlations, indicating less individual predictive
power for cosmological inference.

3.1.1. Probing the matter density (Qp,)

The matter density parameter, €2,,, fundamentally
governs the cosmic expansion rate and, consequently,
the growth rate of density perturbations and the for-
mation of cosmic structures. Universes with a higher
Q,, experience an earlier onset and more rapid gravi-
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Figure 11. Pearson correlation coefficients for time-evolved
moments of halo properties (mass, concentration, maximum
circular velocity, Vmax) with cosmological parameters Q,
(blue) and os (orange). The figure highlights strong posi-
tive correlations, particularly for the mean halo concentra-
tion and Viax at early cosmic epochs, demonstrating their
sensitivity to the cosmic growth rate and initial fluctuation
amplitude.

tational collapse, leading to accelerated halo formation.
Our correlation analysis strongly confirms that features
sensitive to this accelerated growth are the most power-
ful probes of £2,,,. Table 1 summarizes the five features
exhibiting the highest absolute Pearson correlation with
Q-

As evident from Table 1, a clear and physically intu-
itive pattern emerges: the mean values of halo proper-
ties, specifically maximum circular velocity (Vipax) and
concentration, measured at early-to-intermediate cosmic
epochs (corresponding to scale factors a ~ 0.1 —0.4) are
exceptionally powerful probes of ,,. Viyax is a direct
indicator of the depth of a halo’s gravitational poten-
tial well, which is directly tied to its mass and the ef-
ficiency of its collapse. Higher €2, environments lead
to more massive halos forming earlier, thus achieving
higher Vi .x at these early times. Similarly, halo con-
centration is a well-established proxy for a halo’s forma-
tion time; halos that form earlier typically have higher
concentrations. In a high-Q,, universe, where struc-
ture formation is accelerated, the entire halo popula-
tion forms earlier, leading to a higher average concen-
tration at any given early epoch. These findings under-
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Figure 12. Pearson correlation coefficients between various
time-evolved statistical moments of halo properties (concen-
tration, Vimax, and mass) and the cosmological parameters
Q. (blue) and os (orange). The figure demonstrates strong
correlations, particularly for mean halo concentration and
Vmax at early-to-intermediate cosmic epochs with §2,,, trac-
ing the growth rate of structures. It also shows mean halo
concentration across multiple epochs as a robust tracer for
og, reflecting its sensitivity to initial fluctuation amplitude
and formation time.

score that the most active phase of hierarchical structure
formation, where differences in the cosmic growth rate
between varying cosmologies are most pronounced, is
where the strongest cosmological imprints on halo popu-
lation statistics are found. Our time-resolved approach,
as described in Section 2.2, directly captures this crucial
evolutionary information.

3.1.2. Probing the fluctuation amplitude (os)

The parameter og quantifies the amplitude of linear
matter density fluctuations on scales of 84=1 Mpc. A
higher og implies larger initial density contrasts, provid-
ing more substantial "seeds” for gravitational collapse.
This also leads to an earlier onset of structure formation,
particularly for the most massive halos, and generally
enhances the hierarchical nature of halo assembly. Ta-
ble 2 presents the top five features most correlated with
osg.

For og, the mean halo concentration across a broad
range of cosmic epochs (from scale factor a &~ 0.2 to 0.6)
emerges as the most dominant and consistent feature, as
shown in Table 2. This robustly confirms the physical



Table 1. Top 5 Most Correlated Features with Q,,

Feature Name Pearson Correlation p-value

‘time_ bin_ 2_ logl0Vmax_ mean‘ 0.840 2.7x1072%7 In high-,,, universes, halos form earlier and collapse within deer
‘time_bin_1 logl0Vmax_mean’ 0.829 4.1 x 1072 This trend is already strongly establist
‘time_ bin_ 2_loglOconc__mean* 0.772 1.8 x 107198 Halo concentration is a well-known proxy for
‘time_ bin_ 3_ logl0Vmax_ mean‘ 0.742 2.7x 10717 The strong predictive power of the mear
‘time_ bin_ 3_ loglOconc__mean* 0.679 3.4 x 107136 Similarly, the

Table 2. Top 5 Most Correlated Features with os

Feature Name Pearson Correlation p-value

‘time_ bin_ 3_ log10conc_ mean 0.699 3.1 x 10747 For a fixed halo r
‘time_ bin_4_loglOconc__mean* 0.669 1.3 x 10713 ]
‘path_ length_mean’ 0.622 5.1x 107108 A higher os enhances the hierarchical nature of structure formatio
‘time_ bin_ 5_logl0conc__mean* 0.617 9.7 x 107106

‘time_ bin_ 2_loglOconc__mean* 0.547 5.8 x 1077
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Figure 13. Pearson correlation coefficients between time-
evolved statistical moments of halo properties (mass, con-
centration, and Vmax) and the cosmological parameters Q,,
(blue) and og (orange). The figure reveals that mean halo
concentration and Vinax remain strongly correlated with both
parameters, particularly €2,,, across later cosmic epochs
(time bins 6-9), underscoring their persistent utility as cos-
mological probes.

expectation that halo concentration, serving as a reli-
able proxy for formation time, is exquisitely sensitive to
the initial amplitude of density fluctuations. A higher
og directly translates to earlier collapse times for halos

Correlations of Path Length & Merger Ratio Moments
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a1 w0y Correlation
J—
|—
J—
-
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Figure 14. Pearson correlation coeflicients between global
merger tree features (moments of path length and merger
event ratios) and cosmological parameters ., (blue) and
os (orange). The mean path length (‘path_length mean‘)
exhibits a strong positive correlation with os (0.622), high-
lighting its significance as a structural probe for hierarchical
assembly. In contrast, statistical moments of merger event
ratios generally show weaker correlations, indicating less in-
dividual predictive power for cosmological inference.

of a given mass, leading to higher concentrations. Our
time-resolved approach effectively captures this persis-
tent signature across cosmic history.

Furthermore, the ‘path_length mean‘ feature, which
quantifies the average number of merger events from
a leaf node to the root node in a merger tree, stands
out as a novel and powerful structural probe. A higher
og intensifies the hierarchical nature of structure forma-
tion, leading to a greater number of merger events over
a halo’s assembly history. This results in more com-
plex and deeper merger trees, directly reflected in longer
mean path lengths. This graph-theoretic statistic pro-
vides a direct, quantitative measure of the "depth” and
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complexity of the hierarchical assembly process, offering
a new avenue for cosmological inference. This finding
highlights the value of moving beyond simple halo prop-
erties to characterize the entire hierarchical structure,
as emphasized in our methodology (Section 2.2).

It is important to mnote that while the sta-
tistical moments of merger event ratios (e.g.,

‘merger__mass_ ratio__mean‘, ‘merger_ conc_ ratio_ mean‘,

‘merger Vmax_ ratio_mean‘) also exhibit statistically
significant correlations with €2, and og, their individual
predictive power is generally weaker compared to the
time-evolved halo population statistics and the global
path length. This suggests that the integrated history
and collective properties of the entire halo population
within the tree, as well as the overall structure of the
merger tree, contain more constraining cosmological in-
formation than the characteristics of individual merger
events, at least as parameterized in this study.

3.2. An analytic model for cosmological inference

Leveraging the insights gained from the feature rele-
vance analysis, we proceeded to construct explicit "an-
alytic formulae” for cosmological parameter inference.
This was achieved by training multiple linear regression
models, as detailed in Section 2.3. These models uti-
lize the full 136-dimensional feature vector, after z-score
normalization, to predict the normalized values of €,
and og. To ensure an unbiased assessment of their pre-
dictive performance, the dataset was randomly split into
80% for training and 20% for evaluation on an unseen
test set.

3.2.1. Model performance and evaluation

The performance of the linear models proved to be
remarkably strong, unequivocally demonstrating the
power of our comprehensive feature set in encoding cos-
mological information. The key evaluation metrics on
the held-out test set are presented below:

o ), Model:

— R-squared (R?): 0.978
— Mean Squared Error (MSE): 0.00026

e 03 Model:

— R-squared (R?): 0.786
— Mean Squared Error (MSE): 0.00250

An R? value of 0.978 for the ,, model is an excep-
tional result, indicating that our global feature set, when
combined in a simple linear fashion, can explain 97.8%
of the variance in the matter density parameter across

the different cosmological simulations. This high R?
value strongly suggests that the mapping from these de-
tailed merger tree statistics to €2, is predominantly lin-
ear and remarkably well-defined. The low MSE further
confirms the high accuracy of the predictions.

The og model, with an R? of 0.786, is also highly suc-
cessful, explaining 78.6% of the variance in the ampli-
tude of matter fluctuations. While this is a robust result,
the moderately lower performance compared to the §2,,
model suggests two possibilities: either the relationship
between our features and og possesses a stronger non-
linear component that a purely linear model cannot fully
capture, or there exists some degeneracy between 2,
and og that makes disentangling their individual effects
more challenging with a linear approach. Nevertheless,
an R? of nearly 0.8 signifies a powerful predictive capa-
bility.

These quantitative metrics are visually supported by
the scatter plots in Figure 15, which compare the pre-
dicted versus actual parameter values. For €,,, the data
points are tightly clustered along the identity line, indi-
cating high accuracy and minimal systematic bias. For
og, the predictions also follow the one-to-one relation
but exhibit noticeably more scatter, consistent with the
lower R? value, as elaborated in the figure caption.

Predicted vs. Actual Qy, Predicted vs. Actual g5

[R2="0.9776) g 10{ (R2=0.7864

02 04 06 08 10 02 04 06 08
Actual Q, Actual 05

Figure 15. Scatter plots comparing predicted and actual
cosmological parameters Q,, (left) and os (right), derived
from linear models utilizing global merger tree features. The
Q. model demonstrates high accuracy (R? = 0.978), with
predictions tightly clustered along the identity line, indicat-
ing a strong linear relationship. The og model yields robust
predictions (R* = 0.786), but with greater scatter, suggest-
ing the presence of non-linear components or degeneracies.

3.2.2. Interpretation of the analytic formula

The trained linear regression models provide an ex-
plicit analytic formula for each cosmological parameter.
For a given normalized cosmological parameter Y edicted
(either Q,, or og), the formula takes the form:

136
Ypredicted = Bo + Z Bi * Fi normalized (1)

i=1




where Fj hormalized Tepresents the z-score normalized
value of the i-th extracted feature, 3; are the fitted co-
efficients (weights) for each feature, and Sy is the inter-
cept. The complete set of intercepts and coefficients for
both models is stored for future reference.

Interpreting the individual coefficients of a multivari-
ate linear model, especially in the presence of highly
correlated features (multicollinearity), requires careful
consideration. The coefficient of a single feature reflects
its unique contribution to the prediction in the context
of all other features included in the model, rather than
its standalone importance. However, examining the co-
efficients of the most physically motivated features can
still provide valuable insights into the model’s learned
relationships.

For the ,, model, the
‘time_bin_ 3_logl0Vmax_mean‘ is approximately
+0.097, which is one of the largest positive weights
assigned within the model. This aligns strongly with its
high positive Pearson correlation (Table 1) and confirms
that the model heavily relies on the physical expecta-
tion that higher 2, leads to higher Vj,.x at early cosmic
times. Similarly, ‘time_bin_2 loglOconc_mean‘ car-
ries a substantial positive coefficient.

In the og model, ‘time_ bin_ 3 loglOconc_mean‘ has
a large positive coefficient of approximately +0.085,
while ‘path_length mean‘ also contributes significantly
with a positive coefficient of approximately +0.072.
This reinforces our correlation analysis, confirming that
the model’s predictions for og are strongly driven by
these two key physical indicators: the average halo con-
centration (tracing formation time) and the average as-
sembly history depth (tracing the extent of hierarchical
merging).

The general agreement between the signs of the ma-
jor coefficients and the signs of their respective Pearson
correlations indicates that the models are operating in a
physically plausible manner, effectively learning the ex-
pected relationships between the intricacies of structure
formation and the underlying cosmology. The derived
analytical formulae thus provide an interpretable, data-
driven framework for cosmological inference.

In summary, this study has successfully demonstrated
that a rich, physically-motivated set of global statistical
features extracted from cosmological merger trees can
serve as a powerful and interpretable ”cosmological fin-
gerprint.” Our methodology, without resorting to com-
plex and opaque deep learning architectures, yields a
highly accurate linear model for 2, (R?=0.978) and a
robust model for og (R?=0.786). The principal insight
from this work is that cosmological information is not
confined to the properties of the final, most massive halo,
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but is profoundly encoded throughout the entire assem-
bly history of the structure. We have shown that this in-
formation can be effectively extracted by characterizing
(1) the statistical evolution of the entire halo popula-
tion within the tree over cosmic time, and (2) the global
statistical properties of the tree’s hierarchical structure.
The remarkable success of a simple linear model, partic-
ularly for €2,,,, underscores the fundamental and deeply
encoded connection between these statistical properties
and the underlying cosmology. While the linear model
provides excellent performance, especially for ,,, it is
acknowledged that non-linear relationships and poten-
tial degeneracies, particularly for og, may warrant ex-
ploration with more advanced modeling techniques in
future work. The complexity of interpreting individual
coefficients due to feature correlations is also a consid-
eration, suggesting future avenues for dimensionality re-
duction or feature selection to derive more parsimonious
models.

4. CONCLUSIONS

In this study, we addressed the significant challenge
of comprehensively extracting cosmological information,
specifically for the matter density €2, and the ampli-
tude of matter fluctuations og, from the intricate hier-
archical assembly histories of dark matter halos. Tra-
ditional methods often simplify the complex, non-linear
processes of structure formation, relying on global aver-
ages or single-epoch statistics that can obscure the rich
cosmological imprints embedded within the full dynamic
evolution of halos. Our novel methodology aimed to
overcome these limitations by developing a comprehen-
sive "cosmological fingerprint” derived from simulated
dark matter halo merger trees.

Our approach involved the systematic extraction of
136 physically interpretable features from a dataset of
1000 merger trees, each originating from distinct cos-
mological simulations. These features were designed
to capture two crucial aspects of structure formation:
the time-resolved evolution of statistical distributions
(mean, standard deviation, skewness, kurtosis) for in-
trinsic halo properties (mass, concentration, maximum
circular velocity) across ten cosmic time bins, and the
global statistical moments of the tree’s hierarchical
structure and merger event characteristics (path lengths,
merger mass/concentration/Vmax ratios). Following
feature extraction and z-score normalization, we per-
formed a Pearson correlation analysis to assess the indi-
vidual relevance of each feature to §2,, and og. Subse-
quently, we employed multiple linear regression to derive
explicit analytic formulae for predicting these cosmolog-
ical parameters.
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The results unequivocally demonstrate the profound
encoding of cosmological information within the dy-
namic and hierarchical processes of structure forma-
tion. Our feature relevance analysis revealed strong,
statistically significant correlations between many ex-
tracted features and the cosmological parameters. For
Q.. early-time halo population statistics, particularly
the mean maximum circular velocity and mean con-
centration in the a ~ 0.1 — 0.4 range, emerged as ex-
ceptionally powerful probes, reflecting the accelerated
growth of structure in higher matter density universes.
For og, the mean halo concentration across a broader
range of cosmic epochs (a ~ 0.2 — 0.6) consistently
proved to be a dominant indicator, along with the novel
‘path_length mean‘ feature, which quantifies the over-
all depth and complexity of a halo’s assembly history.

Leveraging this comprehensive feature set, our multi-
ple linear regression models achieved remarkable predic-
tive performance on an unseen test set. The model for
Q,,, yielded an exceptional R-squared of 0.978, indicat-
ing that 97.8% of the variance in €, can be explained
by our linear combination of merger tree features. For
og, the model achieved a robust R-squared of 0.786, suc-
cessfully explaining 78.6% of its variance. These results
translate into explicit analytic formulae that provide a
direct, interpretable mapping from the statistical prop-
erties of merger trees to the fundamental cosmological
parameters. The signs and magnitudes of the most im-
pactful coefficients in these formulae are consistent with
the physical interpretations derived from the correlation
analysis, reinforcing the robustness and physical ground-
ing of our models.

From this study, we have learned that cosmological
information is not merely confined to the global prop-
erties of the most massive halos at a single epoch, but
is profoundly distributed and detectable throughout the
entire time-resolved evolution and hierarchical assembly
of dark matter structures. The success of a relatively
simple, interpretable linear regression model, particu-
larly for €),,,, underscores the fundamental and predom-
inantly linear relationship between these detailed statis-
tical "fingerprints” and the underlying cosmology. For
og, while the linear model is robust, the slightly lower R~
squared suggests that more complex non-linear relation-
ships or degeneracies with other cosmological parame-
ters might play a more significant role, potentially war-
ranting exploration with more advanced modeling tech-
niques in future work. This framework offers a powerful,
data-driven, and physically interpretable avenue for cos-
mological inference, moving beyond simplified metrics
to harness the full information content of hierarchical
structure formation. Future research could investigate

the application of dimensionality reduction techniques
or more sophisticated feature selection methods to po-
tentially derive even more parsimonious yet equally ef-
fective predictive models.
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