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To whom it may concern: 

Recommendation letter supporting the postdoc application of Shasvath J Kapadia 

Dear colleagues, 

I am writing to express my strongest support for the postdoc application of Shasvath J Kapadia. 
Shasvath is a highly motivated, ambitious and hardworking young researcher, and is one of the 
strongest candidates in his peer group in gravitational-wave (GW) physics and astronomy. 

I have known Shasvath for the last three years. I met him in 2012 at a conference in KITP Santa 
Barbara where he was presenting an interesting poster on floating orbits in extreme-mass-ratio 
inspirals. He asked whether he could with me on a project related to LIGO’s science. Although, I 
tried to brush him aside citing the difficulty of long-distance collaboration (I was moving to 
India at that time), he persisted. After a year or so we actually started working together which 
turned out to be a very fruitful collaboration. I will be basing my letter on the aspect of his work 
that I know the best. However, his PhD work is quite diverse, covering problems related to the 
computation of orbits of extreme-mass-ratio inspirals, use of machine learning algorithms to 
distinguish between real GW triggers and spurious noise-generated triggers in the search for 
GWs from compact binaries using LIGO, etc. I hope that his other referees will elaborate on these 
aspects. 

The project (arXiv:1509.06366) that Shasvath worked with myself and Nathan Johnson-McDaniel 
was on computing the effective higher order terms in the post-Newtonian (PN) expansions of the 
gravitational binding energy and GW energy flux from inspiralling compact binaries. In the 
adiabatic PN approximation, the phase evolution of GWs from inspiralling compact binaries is 
computed by equating the change in binding energy with the GW flux. This energy balance 
equation can be solved in different ways, which result in multiple “approximants” of the PN 
waveforms. Due to the poor convergence of the PN expansion, these approximants tend to differ 
from each other during the late inspiral. Which of these approximants should be chosen as 
templates for GW detection and parameter estimation is not obvious. We computed some 
effective higher order (beyond the currently available 4PN and 3.5PN) non-spinning terms in the 
PN expansion of the energy and the flux that minimize the difference of multiple PN 
approximants (TaylorT1, TaylorT2, TaylorT4, TaylorF2) with effective one body waveforms 
calibrated to numerical relativity (EOBNR). We showed that PN approximants constructed using 
the effective higher order terms show significantly better agreement (as compared to 3.5PN) with 
the inspiral part of the EOBNR. For non-spinning binaries with component masses 1.4 -- 15 M⊙, 
most of the approximants have a match (faithfulness) of better than 99% with both EOBNR and 
each other. Although these effective terms are not the same as actual higher order terms, they find 
immediate practical use in GW searches. PN waveforms employing these effective higher order 
terms can be used in LIGO/Virgo searches for compact binaries as computationally inexpensive 
surrogates of EOBNR waveforms in the “low-mass” region of the parameter space. We are in the 
process of extending this computation to the case of spinning binaries, where this work is of 
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Possible synergies 

• Understanding the formation and evolution of SMBHs


• Early warning of ground-based GW detectors 


• Source localisation, EM counterparts and cosmography 


• Parameter estimation, population inference and tests of GR 


• Lensing in wave optics and geometric optics 



Supermassice black holes

• Distant quasars powered by SMBHs:  at  (UHZ1). 


• Lightest massive BH ~  (NGC 205). Heaviest stellar mass BH ~  (GW231123). 
Continuus mass function? 

∼ 107M⊙ z ≃ 10

6800 M⊙ 225 M⊙

Quasars and AGNs: Powered 
by gas accretion to SMBHs

Supermassive compact object at the Galactic 
cener (from stellar orbits)

VLBI imaging of the BH 
shadow

EHTHubble



SMBH formation and evolution: Broad paradigm 

• Seed BHs at high redshifts grow into 
SMBHs over cosmic time through 
accretion & mergers. 


‣ When/how did the first BHs form? Their 
mass function? 


‣ Relative contribution of accretion & 
mergers in the mass growth? 


‣ Role of SMBHs in galaxy formation? 


• Observe BBH mergers in different mass 
ranges and redshifts.

Possible evolution pathways of typical SMBHs

[arXiv:1305.5720]

!e Gravitational Universe – Astrophysical Black Holes 5

transformations in galaxy evolution, since around that 
time both the luminous QSOs and the star formation rate 
were at their peak [29–30]. Galaxy mergers and accretion 
along !laments during cosmic high noon were likely to be 
the driving force behind the processes of star formation, 
black hole fueling, and galaxy growth. "is turned star-
forming discs into larger discs or quenched spheroidal sys-
tems hosting supermassive black holes of billions of solar 
masses [31–33]. In this framework, massive black hole bi-
naries inevitably form in large numbers, over a variety of 
mass scales, driven by frequent galaxy mergers [8–9, 34]. 
Signs of galaxy mergers with dual black holes at wide sepa-
rations (on the order of kpc) come from observations of 
dual AGNs in optical and X-ray surveys, while observa-
tions of binary black holes with sub-pc scale separations 
remain uncertain and only candidates exist at present [35]. 
Studies of the dynamics of black holes in merging galaxies 
have shown that black hole coalescences trace the merger 
of the dense baryonic cores better than the mergers of dark 
halos, as their dynamics are sensitive to gas and star con-
tent and feed-back [36–37].
"eoretical models developed in the context of the Λ-CDM 
paradigm [38–41] have been successful in reproducing 
properties of the observed evolution of galaxies and AGNs, 
such as the colour distribution of galaxies, the local mass 
density and mass function of supermassive black holes, 
and the QSO luminosity function at several wavelengths 
out to z ~ 6. Information about the underlying popula-
tion of inactive, less massive and intrinsically fainter black 
holes, which grew through accretion and mergers across 
all cosmic epochs, is still lacking and di$cult to gather.
!e Gravitational Universe proposes a unique, new way to 
probe both cosmic dawn and high noon, to address a num-
ber of unanswered questions:
t�When did the "rst black holes form in pre-galactic halos, 

and what is their initial mass and spin?
t�What is the mechanism of black hole formation in ga-

lactic nuclei, and how do black holes evolve over cosmic 
time due to accretion and mergers?

t�What is the role of black hole mergers in galaxy forma-
tion?

eLISA will study the evolution of merging massive black 
holes across cosmic ages, measuring their mass, spin and 
redshi% over a wide, as yet unexplored, range. Black holes 
with masses between 104 M9 and 107 M9 will be detected by 
eLISA, exploring for the !rst time the low-mass end of the 
massive black hole population, at cosmic times as early as 
z ~ 10, and beyond.

eLISA discovery domain

Coalescing black hole binaries enter the eLISA sensitiv-
ity band from the low frequency end, sweeping to higher 
frequencies as the inspiral gets faster and faster, as shown 
in Figure 13. Eventually they merge, with the formation 

of a common event horizon, followed by the ringdown 
phase during which residual deformation is radiated away 
and a rotating (Kerr) black hole remnant is formed. "e 
waveform detected by eLISA is a measure of the ampli-
tude of the strain in space as a function of time in the rest 
frame of the detector. "is waveform carries information 
about the masses and spins of the two black holes prior 
to coalescence, the inclination of the binary plane rela-
tive to the line of sight, the luminosity distance and sky 
location, among other parameters [42]. Complete wave-
forms have been designed by combining Post Newtonian 
expansion waveforms for the early inspiral phase with an 
analytical description of the merger and ringdown phase, 
calibrated against highly accurate, fully general relativistic 
numerical simulations of black hole coalescence [43–44]. 
"e !rst !gure of merit of the eLISA performance is the 
signal-to-noise ratio (SNR) of a massive black hole binary 
coalescence with parameters in the relevant astrophysical 
range. Figure 2 shows eLISA SNRs for equal mass, non-
spinning coalescing binaries. Here we compute the SNR 
as a function of the total mass, M, and of the redshi%, z, 
averaging over all possible source sky locations and wave 
polarisations, assuming two-year observations. "e plot 
highlights the extraordinary capabilities of the instru-
ment in covering almost all of the mass-redshi% param-
eter space needed to trace black hole evolution. Binaries 
with 104 M9 < M < 107 M9 can be detected out to z ~ 20 with 
an SNR ≥ 10, if they exist. Figure 2 shows that virtually 
all massive black holes in the Universe were loud eLISA 
sources at some point in their evolution.

Figure 2: Constant-contour levels of the sky and polarisation angle-
averaged SNR for eLISA, for equal mass non-spinning binaries as a 
function of their total rest frame mass, M, and cosmological redshift, z. 
The tracks represent the mass-redshift evolution of selected supermas-
sive black holes: two possible evolutionary paths for a black hole power-
ing a z ~ 6 QSO (starting from a massive seed, blue curve, or from a Pop 
III seed from a collapsed metal-free star, yellow curve); a typical 109 M9 
black hole in a giant elliptical galaxy (red curve); and a Milky Way-like black 
hole (green curve). Circles mark black hole-black hole mergers occurring 
along the way. These were obtained using state of the art semi-analytical 
merger tree models [65]. The grey transparent area in the bottom right 
corner roughly identifies the parameter space for which massive black 
holes might power phenomena that will likely be observable by future 
electromagnetic probes. 
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Multi-band observations 

Unveiling the formation and evolution of supermassive blackholes
using multi-wavelength gravitational-wave observations

September 13, 2025

1 Model - population III (light seeds)

(a) True distribution and corresponding injected samples (b) Applying detection criteria in each detection scenario

Figure 1: Obtaining injected samples and applying detection criteria for LISA, LGWA and XG

(a) Individual detector reconstruction of true distribution (b) Comparison of reconstruction using LISA and LISA + LGWA

Figure 2: True distribution reconstruction using posteriors from all 3 detectors and their comparison

1

XG LGWA LISA

0.90.50.1
Det Selection Fn

SMBH growth model with 
popIII seeds [Barausse et al]

[Alorika Kar et al, In prep]



Multi-band observations 

(a) Combined reconstruction plot (b) Combined reconstruction plot and detector selection functions

Figure 3: Visualizing reconstructed distribution and matching with the true distribution

2 Model - Q3 no delay (heavy seeds)

(a) True distribution and corresponding injected samples (b) Applying detection criteria in each detection scenario

Figure 4: Obtaining injected samples and applying detection criteria for LISA and LGWA

2

(a) True distribution and corresponding injected samples (b) Applying detection criteria in each detection scenario

Figure 7: Obtaining injected samples and applying detection criteria for LISA and LGWA

Figure 8: Individual reconstruction (totally dominated by LISA).

4

SMBH growth model with heavy 
seeds (no delay) [Barausse et al]

SMBH growth model with heavy 
seeds (with delay) [Barausse et al]

[Alorika Kar et al, In prep]



BH mass function: Non-parametric reconstruction

[Alorika Kar et al, In prep]Using FIGARO code by Rinaldi & Del Pozzo DOI: 10.21105/joss.06589

Unveiling the formation and evolution of supermassive blackholes
using multi-wavelength gravitational-wave observations

September 13, 2025

1 Model - population III (light seeds)

(a) True distribution and corresponding injected samples (b) Applying detection criteria in each detection scenario

Figure 1: Obtaining injected samples and applying detection criteria for LISA, LGWA and XG

(a) Individual detector reconstruction of true distribution (b) Comparison of reconstruction using LISA and LISA + LGWA

Figure 2: True distribution reconstruction using posteriors from all 3 detectors and their comparison

1

model with 
popIII seeds

Reconstruction 
Using multi-band 

observations 

model with 
popIII seeds

LISA 
reconstruction



Early warning for ground-based detectors 
• The in-band time of a CBC steeply 

increases with low-frequency 
sensitivity. 


• LISA early warning might be 
possible only for a very small 
fraction of CBCs. Deci-Hz is much 
more promising. 

[Adhikari et al CQG 36 (2019) 245010 ]
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As mentioned earlier, multi-messenger observations are particularly exciting. These asso-
ciate GWs from binary coalescences with coincident observations of the EM merger signa-
tures, including detections with radio, optical, x-ray and gamma-ray telescopes, and low- and 
high-energy neutrino detectors. For example, observations accompanying GW170817 have 
!rmly established the relationship between gamma ray bursts (GRBs) and compact binary 
coalescences involving NSs [56].

The intriguing prospect of early-warning detection [57] is primarily dependent on low-
frequency sensitivity to accumulate SNR in the early part of the inspiral. We characterize 
early-warning detection with tearly, the time before coalescence at which a once-a-year event 
will accumulate SNR of 8 (optimally oriented binary, single detector). The SNR and sky 

Figure 3. LIGO Voyager strain noise budget. Also shown are the Adv. LIGO design 
[11] and LIGO upgrade (a.k.a. A+) [12] noise curves. Comparison of interferometer 
physical parameters given in appendix B.

Figure 4. Time until merger, ‘chirp length’, versus start frequency for NS/NS, NS/BH, 
and BH/BH systems.

R X Adhikari et alClass. Quantum Grav. 36 (2019) 245010
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TABLE II. Comparison of sky localization for di↵erent net-
works of detectors. The neutron star system is a binary with
Mc = 1.2M�, q = 1.05, and DL = 50Mpc. The black
hole system is a binary with Mc = 25M�, q = 1.05, and
DL = 600Mpc. The best and median sources are given in
deg2. The ground-based detectors have the Voyager design
sensitivity.

Neutron Star Black Hole

Network Best Median Best Median

HLV 7.9⇥ 10�3 4.1⇥ 10�2 1.1⇥ 10�2 5.4⇥ 10�2

HLVKA 2.0⇥ 10�3 5.6⇥ 10�3 3.1⇥ 10�3 8.5⇥ 10�3

T 3.5⇥ 10�5 5.4⇥ 10�5 4.4⇥ 10�3 1.1⇥ 10�2

HLVKA + L2 T 1.6⇥ 10�5 2.9⇥ 10�5 5.4⇥ 10�4 1.5⇥ 10�3

HLVKA + 5� T 5.7⇥ 10�6 1.3⇥ 10�5 6.6⇥ 10�5 1.9⇥ 10�4

HLVKA + 20� T 1.3⇥ 10�6 3.5⇥ 10�6 1.6⇥ 10�5 5.2⇥ 10�5

peaks around ◆ = 30� [47]. The same figure for ◆ = 0�

is shown in Fig. 13.) The extra long baseline formed
by TianGO and the ground-based network improves the
angular uncertainty by a factor of ⇠ 50.

The middle panel of Fig. 3 shows the fractional uncer-
tainty �DL/DL in measuring the luminosity distance.
Note that the inference accuracy for the ground-based
network is limited by the distance-inclination degener-
acy. (This is especially true for face-on sources as can be
seen by comparing Figs. 3 and 13.) TianGO breaks this
degeneracy due to the time-dependent antenna pattern
caused by its tumbling orbit. The combined TianGO-
ground-based uncertainty is thus significantly better that
of the ground-based alone.

The bottom panel of Fig. 3 shows the uncertainty in
comoving volume localization �VC .2 If an optical coun-
terpart is not observed, or does not exist as is likely for
most of the sources for which the TianGO-ground-based
network will be sensitive, the GW detector network must
localize the host to a single galaxy. To estimate the num-
ber of galaxies contained in a comoving volume �VC , the
value of 0.01 galaxies/Mpc3 is assumed. The combined
network can localize a source to a single galaxy up to a
redshift of z ⇠ 0.5 for the best face-on sources, and to
z ⇠ 0.35 for the median sources at ◆ = 30�.

Even if the host galaxy cannot be uniquely identified,
galaxy catalogs can be used to make a statistical infer-
ence about the location of the source [19, 48–51]. This
method has been used to reanalyze the measurement
from GW170817 to infer H0 without the unique galaxy
determination provided by the observation of the opti-
cal counterpart [52] and has been used to improve the
original analysis of Ref. [46] with further observations
of BBHs without optical counterparts [53]. Future work
will quantify the extent to which the TianGO-ground-
based network’s exquisite sky localization can improve

2
The Planck 2015 cosmology is assumed [39].

the reach of these methods.

III. EARLY WARNING OF BINARY NEUTRON
STAR COALESCENCE

The joint detection of a coalescing binary NS in
GW [45] and �-ray [54], and the follow-up observation
of the post-merger kilonova in electromagnetic radia-
tions [55] heralds the beginning of an exciting era of
multi-messenger astronomy. While the first detection has
provided some valuable insights on the nature of short �-
ray bursts and kilonovae, significantly more are expected
to come from future multi-messenger observations [22].
The success of such a joint observation relies critically on
the GW observatories to produce an accurate sky map
of the source’s location in a timely manner, and TianGO
is an ideal instrument to perform the early warning and
localization of coalescing compact binaries. As a typi-
cal NS binary will stay in TianGO’s band for a few years
before the final merger, the Doppler phase shift and time-
dependent antenna patterns due to TianGO’s orbital mo-
tion enables it to localize the source by itself with high
accuracy.
This is illustrated in detail in Fig. 4 and Table II. Fig. 4

shows the cumulative angular uncertainty for a typical NS
binary with (M1, M2)=(1.4M�, 1.35M�). More specif-
ically, on the bottom of the frame we show the GW fre-
quency up to which we integrate the data, and on the
top of the frame we show the corresponding time to the
final merger, given by

tm(f) = 5.4

✓
Mc

1.2M�

◆�5/3 ✓
f

1Hz

◆�8/3

days. (1)

We assume that the source has a face-on orientation, yet
we vary its right ascension and declination to cover the
entire sky. Two representative distances, DL = 50Mpc
and DL = 100Mpc, are shown in the plot. With TianGO
alone, we can localize the majority of sources to within
a few⇥10�3 deg2 approximately 10 days before the fi-
nal merger. This provides su�cient time for the GW
network to process the data and inform the electromag-
netic observatories to prepare the telescopes for the final
merger.
Furthermore, the localization accuracy for NS binaries

obtained by TianGO alone is in fact nearly 100 times bet-
ter than a network of 5 ground-based detectors each with
Voyager’s designed sensitivity (LHVKA; see Table II),
and is much smaller than the typical field of view of an
optical telescope of O(1) square-degree.
In addition to post-merger emissions, TianGO also sig-

nificantly enhances the possibility of capturing the poten-
tial precursor emissions during the inspiral phase (see,
e.g., Section 2.2 of Ref. [56]). One example is the en-
ergy release due to shattering of the NS crust [57], which
is suspected to be the source of short-�-ray burst pre-
cursors [58]. The timing when the precursor happens



Early warning for ground-based detectors 

• The in-band time of a CBC steeply 
increases with low-frequency 
sensitivity. 


• LISA early warning might be 
possible only for small number of 
CBCs [Sesana, PRL 2016]. Deci-Hz is much 
more promising. 

parameters in a vector, Ξ. The element of the Fisher matrix Γab is
then given by G º ¶ ¶X ¶ ¶Xh hab

a b( ∣ ), where h is the detector-
frame GW strain, i.e., Equation (10). The error vector, ΔΞ, has a
multivariate Gaussian probability distribution (Vallisneri 2008),

XD µ -G DX DXp exp 2ab
a b( ) ( ), where DX º X - Xa a aˆ

with Xaˆ the maximum-likelihood parameter determined by the
matched filtering. The variance–covariance matrix element is
given by d dá X X ñ = G-a b ab1( ) ; then an estimate of the rms, ΔΞa,
and the cross correlation between Ξa and Ξb, cab, are DX =a

G- aa1( ) and d d= á X X ñ DX DXcab a b a b, respectively. The
angular resolution ΔΩ is defined as DW =
p m f dm dfD D - á ñ2 S S S S

2 2 1 2[( ¯ ¯ ) ¯ ¯ ] ,where m qº cosS S¯ ¯ (Barack
& Cutler 2004; Lang & Hughes 2008). Finally, to estimate the
parameter precision from joint observations, we add the Fisher
matrices from both detectors together as G = G + Gab ab ab

joint space ground

(Cutler & Flanagan 1994).
Now we turn to source selection. Because we are interested

in both BNS and NSBH systems, we choose our fiducial values
from the properties of (i) the BNS inspiral GW170817, and (ii)
the NSBH merger GW200105. Meanwhile, we take reasonable
values for the poorly measured parameters, such as χ1,2, κ1,2,
and Λ1,2. We list source properties in Table 1. Furthermore, we
also select three fixed locations for later comparisons: (I)

q =cos 0L¯ and f = 2.0S
¯ , (II) q =cos 0.271L¯ and f = 0S

¯ , and
(III) q =cos 0.936L¯ and f = 4.768S

¯ . We will refer to the BNS
system at location I/II/III as “BNS I/II/III” and the NSBH
analog as “NSBH I/II/III” in the following analyses. As we
will see, location I has a large S/N and location III has precise
sky localization.

Finally, we define three parameter sets for the convenience
of explication: (i) the intrinsic parameter set,

h cX = LQ, , , , ; 22s
int %{ ˜ ˜ } ( )

(ii) the extrinsic parameter set,

f q f q fX º t D, , , , , , ; 23c c L S S L L
ext { ¯ ¯ ¯ ¯ } ( )

and (iii) the localization parameter set which is a subset of Ξext,

q f q fX Xº ÌD, , , , . 24S S L L L
loc ext{¯ ¯ ¯ ¯ } ( )

As a short summary, the parameters that we put into the
waveforms are

Èc c k kX Xº L Lm m, , , , , , , , 25input
1 2 1 2 1 2 1 2

ext{ } ( )
whereas the parameters we estimate are

ÈX X Xº . 26PE int ext ( )
For the spin parameters, we choose only to estimate χs mainly

for two reasons: (i) when simultaneously estimating χa and χs,
or χ1 and χ2, the correlations between them, as well as with Q̃,
become larger than 0.9999 such that the Fisher matrix will be
rather singular, while estimating χs is slightly uncorrelated than
estimating χ1, χ2, or χa; (ii) from the formation channel point of
view, a BNS system often consists of a rapidly spinning,
recycled pulsar and a slowly rotating, second-born pulsar whose
χ is very close to zero (Tauris et al. 2017), so estimating one of
the spin parameter is sufficient to constrain such a system within
an astrophysical setting for field binaries.
It is worth noting that when the contribution of dL̃ grows,

the omission of dL̃ in the estimation could lead to over-
estimated constraints on DL̃. On the other hand, the lack of
prior knowledge in our consideration could underestimate the
parameter errors. Quantitatively, we have checked that both
kinds of effects on the uncertainties are less than 1 order of
magnitude.
In calculating the Fisher matrix, the analytical expressions

for the partial derivative ¶ ¶Xh a˜ are usually not available. We
decide to calculate the partial derivatives of h f˜( ) with respect
to tc, fc, Q̃, and L̃ analytically, and calculate the partial
derivatives of h f˜( ) with respect to the rest of the parameters
numerically. For the latter, we adopt a numerical scheme that

d d d¶ ¶X = X + - X -X X Xh h h 2a a aa a ai i i[ ( ) ( )] , and we have

Figure 1. The strain amplitude of the example sources, +f h f2 ∣ ˜ ( ) ∣, and the

characteristic strain of the detector noise, fS fn
eff ( ) , where S fn

eff ( ) is the sky-
averaged effective noise defined in Equation (29) of Liu et al. (2020). Source
signals are plotted for a duration of Tobs = 4 yr. For each source, dashed lines
mark the times before coalescence.

Table 1
Properties of the GW170817-like BNS System and the GW200105-like NSBH

System Explored in the Paper

GW170817-like GW200105-like

m1 (Me) 1.46 8.9
m2 (Me) 1.27 1.9
χ1 0.0469 0.125
χ2 0.002 0.004
κ1 9 1
κ2 10 3
Λ1 675 0
Λ2 951 237
L̃ 793 2.81
Q̃ 1.01 × 10−2 1.98 × 10−6

qcos L¯ −0.65 −0.65
fL
¯ (rad) 5.016 5.016
DL (Mpc) 40 280
z 0.01 0.06
tobs,DECIGO/DO 4 yr 4 yr
tobs,ET 5.6 d 0.90 d
fin,DECIGO/DO (Hz) 0.124 0.0622
fin,ET (Hz) 1.0 1.0
fout,DECIGO (Hz) 100 100
fout,DO (Hz) 10 10
fout,ET (Hz) 1595 384.1

Note. We choose a fixed angular momentum direction for both sources for the
convenience of later comparison. The fiducial values of Λ1, Λ2, κ1, and κ2 are
set such that their values represent typical NSs and BHs, and the values of Q̃,
dQ̃, L̃, and dL̃ are derived using the equations in Section 2.1.

5

The Astrophysical Journal, 926:158 (15pp), 2022 February 20 Liu & Shao
[Liu & Shao, 2108.08490]



the dashed and the dotted blue lines reveals that the location of
the source does not affect the variation trend of the multiband
improvement.

With nearly 4 yr’ time, the space-borne detector already has
a stable localization area ∼arcmin2. ET starts the observation
about 5 days before the merger. It gradually narrows down its
own localization area until a few minutes before the merger and
soon becomes stable, as shown in the light green lines.
However, after ET joins the observation, it will not improve the
sky area of the space-borne detectors in the first few days. One
day before the merger, the joint detection begins to take effect;
ΔΩ gradually drops again and finally has an improvement of
1–2 orders of magnitude for DOs and B-DECIGO.

DO-Conservative and B-DECIGO have similar single
detector angular resolutions but different multiband improve-
ments. “B-DECIGO+ET” is about 1 order of magnitude better
than “DO-Conservative+ET”, which is caused by the better
sensitivity of B-DECIGO in the high-frequency band. Further-
more, from the blue and dark green dashed lines in Figure 7, we
discover that the variation trend of ΔΩ with the frequency is
different: B-DECIGO drops more sharply, though B-DECIGO
and DOs have the same orbital configuration. The reason might
be that, at a frequency larger than 0.1 Hz, the BNS signal is at
the lowest noise region, the so-called sweet point, of
B-DECIGO’s sensitivity curve. Therefore, it gains more
information from the source after this frequency, while DOs
get more information before this point.

The multiband enhancement of DECIGO, on the other hand,
is different from the other three decihertz detectors. Benefiting
from four LISA-like designs, it can localize precisely to
∼ -10 arcmin6 2. The sky area keeps shrinking until minutes
before the merger, and the inclusion of ET barely improves the
precision. We will discuss further the comparisons between
different decihertz detectors in the next subsection.

3.4. Comparison Between Different Decihertz Detectors

In this subsection, we compare the multiband results by
combining ET with different decihertz observatories. In
Figure 8, we plot the DO-Optimal and DECIGO analogs to
Figures 4(b) and 6 in order to highlight their similarities and
differences.

For the sky localization ability, from the small maps in
Figures 8(a), (b), and 6, we see that the sky distribution is similar,
except that DECIGO appears more clumpy with more apparent
delimitations. DOs have similar designs with B-DECIGO; thus
the localization precision is approximately∝ 1/S/N2. Contrarily,
DECIGO has exceedingly good localization precision down to

-10 arcmin6 2 because of multiple interferometers. This distinction
is also reflected in the large maps in Figures 8(a) and (b), where
the difference in multiband enhancement is displayed. From the
localization point of view, DECIGO’s ability is sufficient by itself.
For intrinsic parameters, based on the measurement onDQ Q˜ ˜ ,

we stress three points. (i) Comparing the small map in Figure 8(c)
with the small map in Figure 4(b), although DO-Optimal yields
larger S/Ns, its measurements on Q̃ do not exceed those of
B-DECIGO, because DOs have a relatively poor performance at
high frequencies. This situation also applies for L̃ values that enter
at a higher PN order. (ii) Comparing the small map in Figure 8(d)
with the small map in Figure 4(b), we notice that, with the help of

Figure 6. The localization ability of the BNS system. Large: the localization precision improvement using joint detection of “B-DECIGO+ET” than using B-DECIGO
alone. Small: localization precision using ET (left) and B-DECIGO (right) alone. The red triangles mark the location where the parameter correlations are larger than
0.9995. See the caption of Figure 2 for the meanings of the other marks, including “å”, “×”, “+”, and Roman numbers.

Figure 7. Localization precision ΔΩ as a function of the frequency (time) for
the BNS II and BNS III systems. The dashed (location II) and dotted (location
III) lines are the results for single detectors, and the solid lines are the results
for the joint detection of the corresponding space-borne detectors and ET,
which starts from 2 Hz. Note that, for ET alone (light green lines), ΔΩ is in
units of square degrees.
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• Low-frequency detectors ➾ better early warning. 


• High-frequency detectors ➾ better timing resolution ➾ better angular resolution. 


• Multi-band observations ➾ progressive reduction in localisation error as the binary chirps in. 
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Cosmography using multi-band observations 

• Significant improvment in sky localisation & distance estimation using multi-banding ➾ 
identification of the host galaxy of the merger ➾ GW cosmography. 
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binaries as well as the e�ciency of angular momentum
transfer in the progenitor stars. In Section VIII we ex-
plore TianGO’s capability of measuring the orbital ec-
centricity evolution. In Section IX we discuss TianGO’s
ability to directly probe the existence of tertiary masses
around merging binaries.

II. GRAVITATIONAL-WAVE COSMOGRAPHY

The Hubble constant, H0, quantifies the current ex-
pansion rate of the universe, and is one of the most fun-
damental parameters of the standard ⇤CDM cosmolog-
ical model, yet the two traditional methods of measur-
ing it disagree at the 4.4� level [38]. The first method
relies on the physics of the early universe and our un-
derstanding of cosmology to fit observations of the CMB
to a cosmological model [39]. The second, local mea-
surement, relies on our understanding of astrophysics to
calibrate a cosmic distance ladder. This ladder relates
the redshifts of observed sources to their luminosity dis-
tances [38, 40, 41]. Gravitational wave astronomy adds
a third method of determining H0 and the prospect of
resolving this tension [19–21, 42, 43], a task for which a
combined TianGO-ground-based network is particularly
well suited.

To obtain the redshift-distance relationship necessary
to determine H0, the local measurement first determines
the redshift of a galaxy. The luminosity distance can-
not be measured directly, however, and relies on the cal-
ibration of a cosmic distance ladder to provide “stan-
dard candles.” On the other-hand, the luminosity dis-
tance is measured directly from a GW observation re-
quiring no calibration and relying only on the assump-
tion that general relativity describes the source. This
makes gravitational waves ideal “standard sirens.” If
the host galaxy of a gravitational wave source is iden-
tified, optical telescopes can measure the redshift.1 In
this way, both the redshift and the distance are measured
directly. The BNS GW170817 was the first GW source
observed by both gravitational and electromagnetic ob-
servatories [45]. Since the gravitational wave signal was
accompanied by an optical counterpart, the host galaxy
was identified and the first direct measurement of H0 us-
ing this method was made [46].

Identifying the host galaxy to make these measure-
ments requires precise sky localization from the GW de-
tector network. This ability is greatly enhanced when
TianGO is added to a network of ground-based detectors.
TianGO will either be in a Earth-trailing orbit of up to
20� or an orbit at the L2 Lagrange point [15] thereby
adding a baseline of between 1.5⇥ 106 km = 235R� and
5.2⇥ 107 km = 8.2⇥ 103R� to the network, where R� is

1
The GW standard sirens can also be used to independently cali-

brate the EM standard candles forming the cosmic distance lad-

der [44].
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FIG. 3. Sky localization, luminosity distance, and volume lo-
calization precision as a function of redshift for a binary black
hole system with Mc = 25M�, q = 1.05, and an inclination
◆ = 30� and TianGO in a 5� Earth trailing orbit. A notional
density of 0.01 galaxies/Mpc3 is used to convert �VC to the
expected number of galaxies. Fig. 13 shows the same for face-
on binaries.

the radius of the Earth. Since the same source will be ob-
served by both TianGO and the ground-based network,
the timing accuracy formed by this large baseline signif-
icantly improves the sky localization ability over that of
the ground-based alone, as is illustrated in Figs. 3 and 13
and Table II.
The top panel of Fig. 3 shows the angular resolu-

tion �⌦ as a function of redshift as determined from
the network of ground-based detectors alone, TianGO
alone, and the combined network of the ground-based
and TianGO in a 5� Earth-trailing orbit. The source is
a BBH with Mc = 25M�, q = 1.05, and ◆ = 30�. (The
probability of detecting binaries with a given inclination
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accompanied by an optical counterpart, the host galaxy
was identified and the first direct measurement of H0 us-
ing this method was made [46].
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FIG. 3. Sky localization, luminosity distance, and volume lo-
calization precision as a function of redshift for a binary black
hole system with Mc = 25M�, q = 1.05, and an inclination
◆ = 30� and TianGO in a 5� Earth trailing orbit. A notional
density of 0.01 galaxies/Mpc3 is used to convert �VC to the
expected number of galaxies. Fig. 13 shows the same for face-
on binaries.
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tion that general relativity describes the source. This
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the host galaxy of a gravitational wave source is iden-
tified, optical telescopes can measure the redshift.1 In
this way, both the redshift and the distance are measured
directly. The BNS GW170817 was the first GW source
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servatories [45]. Since the gravitational wave signal was
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was identified and the first direct measurement of H0 us-
ing this method was made [46].
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FIG. 3. Sky localization, luminosity distance, and volume lo-
calization precision as a function of redshift for a binary black
hole system with Mc = 25M�, q = 1.05, and an inclination
◆ = 30� and TianGO in a 5� Earth trailing orbit. A notional
density of 0.01 galaxies/Mpc3 is used to convert �VC to the
expected number of galaxies. Fig. 13 shows the same for face-
on binaries.
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plore TianGO’s capability of measuring the orbital ec-
centricity evolution. In Section IX we discuss TianGO’s
ability to directly probe the existence of tertiary masses
around merging binaries.
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this way, both the redshift and the distance are measured
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servatories [45]. Since the gravitational wave signal was
accompanied by an optical counterpart, the host galaxy
was identified and the first direct measurement of H0 us-
ing this method was made [46].
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FIG. 3. Sky localization, luminosity distance, and volume lo-
calization precision as a function of redshift for a binary black
hole system with Mc = 25M�, q = 1.05, and an inclination
◆ = 30� and TianGO in a 5� Earth trailing orbit. A notional
density of 0.01 galaxies/Mpc3 is used to convert �VC to the
expected number of galaxies. Fig. 13 shows the same for face-
on binaries.
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FIG. 3. Sky localization, luminosity distance, and volume lo-
calization precision as a function of redshift for a binary black
hole system with Mc = 25M�, q = 1.05, and an inclination
◆ = 30� and TianGO in a 5� Earth trailing orbit. A notional
density of 0.01 galaxies/Mpc3 is used to convert �VC to the
expected number of galaxies. Fig. 13 shows the same for face-
on binaries.

the radius of the Earth. Since the same source will be ob-
served by both TianGO and the ground-based network,
the timing accuracy formed by this large baseline signif-
icantly improves the sky localization ability over that of
the ground-based alone, as is illustrated in Figs. 3 and 13
and Table II.
The top panel of Fig. 3 shows the angular resolu-

tion �⌦ as a function of redshift as determined from
the network of ground-based detectors alone, TianGO
alone, and the combined network of the ground-based
and TianGO in a 5� Earth-trailing orbit. The source is
a BBH with Mc = 25M�, q = 1.05, and ◆ = 30�. (The
probability of detecting binaries with a given inclination

[Kuns et al 1908.06004]
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region) usually at the location where the former detector
measures pretty well and the later joined detector measures
poorly. There is a small region near the antialigned direction of
L̂ that has a relative lower improvement, which is caused by a
degeneracy of location parameters. Such degeneracy gets worse
when joining B-DECIGO with ET; therefore, it leads to a worse
PE improvement (see triangle markers in Figure 6).

Comparing the distribution of PE errors, e.g., in Figure 4 (a),
with the S/N in Figure 2, we find that the former has larger
yellow areas, which also indicates an imperfect inverse relation
between PE errors and the S/N. Even if some locations have a
lower S/N, they still yield relative precise PE results.

From the measurement of the quadrupole parameter, we see
the striking advantage of multiband detection, because DQ̃
determined by a space-borne detector or a ground-based
detector alone is too large to yield any constraints, while
multiband observations enable pretty good limits on DQ̃.

3.2.2. Tidal Deformability

We now investigate the multiband constraints on the tidal
deformability, as well as the comparison between BNS and
NSBH systems. In Figure 5, we show the joint detection errors
and multiband enhancement relative to using only ET.
Figure 5(a) displays the distribution of DL L+B ET

˜ ˜ for the
BNS system as a function of the sky location, which gives a
value ranging between 3× 10−3 to 2× 10−2. The small sky
map indicates that multiband limits are dominated by ET’s
value, with 1–2 times tighter when B-DECIGO joins in. In
contrast to other intrinsic parameters, the tidal effect starts from
5 PN and contributes largely at the very last stage of inspiral in
the ET band; therefore, ET plays a leading role in constrain-
ing L̃.
Figure 5(b) is the NSBH analog to Figure 5(a). Comparing

the large maps in both panels, we see that the BNS system
yields a tighter relative error, DL L+B ET

˜ ˜ , while the NSBH

Figure 3. The correlation matrices from the Fisher matrix analysis. The upper (lower) two panels are the parameter correlations for BNS I (NSBH II). In each panel,
the upper triangular matrix is for single detectors (B-DEC in the left column and ET in the right column), and the lower triangular matrix is for joint detection (B-DEC
+ET). We indicate the name of the detectors in brown in the corresponding corners. The color uses a function, º + - -F c c c clog 1 1 log 2ij ij ij ij

10 10( ) [( ) ( )] ,
adopted from Shao (2016), which is defined such that it counts the number of nines after the decimal point in the cases of large correlations. The largest positive and
negative corrections are explicitly given for each triangle matrix.
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‣ 0PN: Chirp mass

‣ 1PN: Chirp mass , Mass ratio 

‣ 1.5PN: Chirp mass , Mass ratio, Spins 

‣ 2PN: Chirp mass , Mass ratio, Spins , Spin-deformation

‣ Enviromental effects at “— PN” orders. 

• Observations in different freq bands can measure different PN coefficients more accurately ➾ 
reduced correlations  ➾ better measurement of source parameters.  
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In this Letter, we show that multiband observations of stellar-mass binary black holes by the next
generation of ground-based observatories (3G) and the space-based Laser Interferometer Space Antenna
(LISA) would facilitate a comprehensive test of general relativity by simultaneously measuring all the
post-Newtonian coefficients. Multiband observations would measure most of the known post-Newtonian
phasing coefficients to an accuracy below a few percent—2 orders-of-magnitude better than the best
bounds achievable from even “golden” binaries in the 3G or LISA bands. Such multiparameter bounds
would play a pivotal role in constraining the parameter space of modified theories of gravity beyond
general relativity.
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Introduction.—Gravitational wave (GW) observations
have provided a first glimpse of the strong-field dynamics
of binary black holes (BBHs) [1,2]. They have also allowed
us to place the first ever constraints on the possible
departures from general relativity (GR) [3,4] in this regime.
Parametrized tests of the post-Newtonian (PN) approxima-
tion to GR [5–8] are among the most important theory-
agnostic, null tests of GR that are performed using
GW observations. These tests make use of the analytical
prediction of the structure of the phase evolution using the
PN approximation to GR [9]. In the PN approximation the
dynamics of the binary is treated as an adiabatic process
and Einstein’s field equations are solved under the
assumption of slow motion and weak gravitational fields.
This is an excellent approximation for the “inspiral” phase
of the compact binary dynamics where the two stars spiral-
in under the influence of radiation back reaction, but the
timescale of radiation reaction is large compared to the
orbital timescale.
Gravitational waveform from a compact binary coal-

escence, in the frequency domain, have the well-known
form [10]

h̃ðfÞ ¼ Af−7=6eiΦðfÞ; ð1Þ

where ΦðfÞ is the frequency-domain phase of the emitted
signal and A is the signal’s amplitude. For inspiraling

binaries in quasicircular orbits, the waveform depends on
the binary’s masses, spins, distance, sky position, and the
orientation of its orbit. More explicitly, the phase takes
the form

ΦðfÞ¼2πftc−ϕcþ
3

128ηv5

!XK

k¼0

ϕkvkþ
XK

kl¼0

ϕklvkl lnv
"
;

ð2Þ

where v ¼ ðπmfÞ1=3 denotes the PN expansion parameter,
m denotes the binary’s total mass, and ϕkl and ϕk denote the
logarithmic and nonlogarithmic phasing coefficients,
respectively. The PN coefficients are currently known
up to 3.5 order in the PN expansion [11–14], which
corresponds to k ¼ 7 in the above equation. Various PN
coefficients capture a range of nonlinear interactions and
physical effects in GR [9]. These include the effect of
mass asymmetry (1PN and above), different types of “tail”
effects (1.5PN, 2.5PN, 3PN, 3.5PN) [15] as well as
physical interactions such as spin-orbit (1.5PN, 2.5PN,
3PN, 3.5PN) [16,17] and spin-spin effects (2PN, 3PN)
[16,18], and effects due to the presence or absence of a
horizon of the compact objects (2.5PN) [19]. (See Ref. [20]
for an in-depth discussion about the modifications to the
GR phasing formula from various modified theories.) The
parameters tc and ϕc are the epoch when the signal’s

PHYSICAL REVIEW LETTERS 125, 201101 (2020)

0031-9007=20=125(20)=201101(6) 201101-1 © 2020 American Physical Society

GW phase

PN coefficients 

(Contain various physical effect of the source at  diff PN orders)
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Eccentricity, probing BBH formation challels 

• Orbital eccentricity decays quickly due to radiation reaction. Low-frequency measurements will 
allow us to catch the stage when the eccentricity is measurable. 

[Koustav Maity et al, In Prep]



Tests of GR using multi-band observations

line-of-sight to zero. This amounts to assuming that the
binaries are optimally located and oriented with respect
to the detectors. Note, however, that the LISA sensitivity
curve that we use is averaged over the sky and the
polarization angle and we have included a factor offfiffiffiffiffiffiffiffi
4=5

p
in the calculation of the SNR and the Fisher matrix

to account for the averaging over the inclination angle [51].
The Fisher information matrix for a single detector

(CE or LISA) is defined as

Γð0Þ
αβ ¼ hh̃α; h̃βi; ð3Þ

where h̃ðf; θ⃗Þ is the GW signal defined by a set of
parameters θ⃗, h̃α ¼ ∂h̃ðf; θ⃗Þ=∂θα, and the angular bracket
h; i denotes the noise-weighted inner product defined by

ha; bi ¼ 2

Z
fhigh

flow

aðfÞb$ðfÞ þ a$ðfÞbðfÞ
ShðfÞ

df; ð4Þ

where ShðfÞ is the one-sided noise power spectral density
of the detector and flow, fhigh are the lower and upper
limits of integration. For CE the lower limit of integration is
taken to be 5 Hz and the upper frequency cutoff is chosen
such that the characteristic amplitude (2

ffiffiffi
f

p
jh̃ðfÞj) of the

GW signal is lower than that of the CE noise by 10% at
maximum.
In order to combine the information from LISA and CE,

we construct a multiband Fisher matrix by simply adding
the Fisher matrices for the individual detectors, with the
corresponding variance-covariance matrix Cαβ defined by
the inverse of the multiband Fisher matrix:

Γαβ ¼ ΓCE
αβ þ ΓLISA

αβ ; Cαβ ¼ ðΓ−1Þαβ: ð5Þ

The diagonal components Cαα are the variances of θα and
the 1σ errors on θα are σα ¼

ffiffiffiffiffiffiffiffi
Cαα

p
.

The errors σa, where a ¼ 1; 2;…; 8 denote the defor-
mation parameters that are tested simultaneously, are
obtained for each event in the population for different
choices of the number of test parameters δϕ̂a,
a ¼ 1; 2;…; 8. The bounds on the individual events are
combined to obtain a net constraint by using the standard
formula

σ−2a ¼
XN

n¼1

ðσðnÞa Þ−2; ð6Þ

where n ¼ 1;…; N denotes the events in the BBH pop-
ulation and N is their total number.
Following Refs. [47,52] we also add a prior matrix Γp

to the Fisher information matrix Γð0Þ in order to account
for certain properties of the signals that we assume.
Specifically, we assume that the priors on the spin magni-
tudes and the phase of coalescence as Γp

χ1χ1 ¼ Γp
χ2χ2 ¼

ð0.5Þ−2 and Γp
ϕcϕc

¼ ðπÞ−2, respectively, and all other

elements of the prior matrix are set to zero. The
Gaussian prior on spin magnitudes is a good approximation
to the low-component spins of the BBHs reported in
Ref. [2]. The prior on ϕc is somewhat ad hoc, but helps
the Fisher matrix to be better conditioned. We have verified
that this choice of prior does not alter our conclusions
reported in this Letter. We now invert the resulting Fisher
matrix given by Γαβ ¼ Γ0

αβ þ Γp
αβ to deduce the error bars.

Results and discussions.—Our main results combining
LISA and CE observations of stellar-mass BBHs are
summarized in Fig. 2. As we increase the number of PN
coefficients that are simultaneously tested, starting from
the Newtonian order, the 1σ upper bounds on them are
presented in the figure. For instance, the filled circles are
the bounds where only one PN deformation parameter is
estimated at a time, whereas the octagons denote the
bounds when all the eight parameters are simultaneously
estimated. In the eight parameter case, all the parameters
are measured with an accuracy ∼20%, of which the
first three may be measured with an accuracy better than
1%, whereas the first two PN coefficients may yield
bounds ∼0.1%.

FIG. 2. Multiparameter tests using multiband observations with
LISA and CE. Shown are combined 1σ bounds on various PN
coefficients starting from 0PN through 3.5PN in the inspiral
phase of the signal while measuring many of them together at a
time. Different types of markers symbolize how many PN
deformation parameters were constrained simultaneously. For
example, “black filled circle” represents “one PN deformation
parameter at a time,” “vee” represents “two PN deformation
parameters at a time,” and so on. The figure represents results for
the BBH population having Gaussian spin distribution, we get
similar estimates for a uniform spin distribution. The filled
diamonds and pentagons are bounds obtained with CE and
LISA, respectively, on the first four and five PN deformation
parameters from their respective golden binaries, respectively.
The total masses of the CE and LISA golden binaries are 200 M⊙
and ð6.6 × 105ÞM⊙, both binaries are 1 Gpc away and have
component spins χ1 ¼ 0.6, χ2 ¼ 0.5.
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Introduction.—Gravitational wave (GW) observations
have provided a first glimpse of the strong-field dynamics
of binary black holes (BBHs) [1,2]. They have also allowed
us to place the first ever constraints on the possible
departures from general relativity (GR) [3,4] in this regime.
Parametrized tests of the post-Newtonian (PN) approxima-
tion to GR [5–8] are among the most important theory-
agnostic, null tests of GR that are performed using
GW observations. These tests make use of the analytical
prediction of the structure of the phase evolution using the
PN approximation to GR [9]. In the PN approximation the
dynamics of the binary is treated as an adiabatic process
and Einstein’s field equations are solved under the
assumption of slow motion and weak gravitational fields.
This is an excellent approximation for the “inspiral” phase
of the compact binary dynamics where the two stars spiral-
in under the influence of radiation back reaction, but the
timescale of radiation reaction is large compared to the
orbital timescale.
Gravitational waveform from a compact binary coal-

escence, in the frequency domain, have the well-known
form [10]

h̃ðfÞ ¼ Af−7=6eiΦðfÞ; ð1Þ

where ΦðfÞ is the frequency-domain phase of the emitted
signal and A is the signal’s amplitude. For inspiraling

binaries in quasicircular orbits, the waveform depends on
the binary’s masses, spins, distance, sky position, and the
orientation of its orbit. More explicitly, the phase takes
the form

ΦðfÞ¼2πftc−ϕcþ
3

128ηv5

!XK

k¼0

ϕkvkþ
XK

kl¼0

ϕklvkl lnv
"
;

ð2Þ

where v ¼ ðπmfÞ1=3 denotes the PN expansion parameter,
m denotes the binary’s total mass, and ϕkl and ϕk denote the
logarithmic and nonlogarithmic phasing coefficients,
respectively. The PN coefficients are currently known
up to 3.5 order in the PN expansion [11–14], which
corresponds to k ¼ 7 in the above equation. Various PN
coefficients capture a range of nonlinear interactions and
physical effects in GR [9]. These include the effect of
mass asymmetry (1PN and above), different types of “tail”
effects (1.5PN, 2.5PN, 3PN, 3.5PN) [15] as well as
physical interactions such as spin-orbit (1.5PN, 2.5PN,
3PN, 3.5PN) [16,17] and spin-spin effects (2PN, 3PN)
[16,18], and effects due to the presence or absence of a
horizon of the compact objects (2.5PN) [19]. (See Ref. [20]
for an in-depth discussion about the modifications to the
GR phasing formula from various modified theories.) The
parameters tc and ϕc are the epoch when the signal’s
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Figure 4. Resulting 90% confidence ellipses (presented in both linear-
space (left) and log-space (right) for demonstration) from the (�Mf/M̄f ,��f/�̄f )
posterior probability distribution using single-band CE observations and multi-band
observations with both CE and LISA. The value consistent with GR corresponds to
(�Mf/M̄f ,��f/�̄f ) = (0, 0). Also shown for comparison is the aLIGO O1 result
found with the full Bayesian analysis of Ref. [14], agreeing with the Fisher-estimates
here within 10% of the total area of the 90% contours. The area of such confidence
regions (summarized in Table 1) is indicative of the e↵ective modified gravity resolving
power, and can be seen to improve by ⇠ 7�10 times upon the multi-band observation
as opposed to CE alone.

Detector 90% area

LIGO O1 (Fisher) 0.25

LIGO O1 (Bayesian) [14] 0.29

CE 3.6⇥ 10�4

TianQin+CE 4.9⇥ 10�5

LISA+CE 5.1⇥ 10�5

B-DECIGO+CE 4.3⇥ 10�5

DECIGO+CE 3.8⇥ 10�5

Table 1. Resulting areas of the 90% confidence ellipses from the (�Mf/M̄f ,��f/�̄f )
posterior distributions for GW150914-like events found in Fig. 4.

agree within 10%, demonstrating good agreement between the two methods. Second,

notice that CE will observe significant reductions in the 90% contour area by ⇠ 3

orders of magnitude from the current test with O1. Third, observe that multi-band GW

observations will further improve the consistency test by a factor of 7� 10 compared to

single-band measurements with CE alone. Such an improvement in the size of posterior

probability distributions for multi-band GW observations can e↵ectively allow one to

discriminate non-GR e↵ects that might not be visible when observing with ground- or

space-based detectors alone. The fact that all multi-band choices show similar results

suggest that the error is mostly dominated by the merger-ringdown measurement from

CE.

Tests of GR using multi-band observations

Expected bounds on the IMR consistency

[Carson & Yagi, 1905.13155]
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as opposed to CE alone.
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CE 3.6⇥ 10�4
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LISA+CE 5.1⇥ 10�5
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posterior distributions for GW150914-like events found in Fig. 4.

agree within 10%, demonstrating good agreement between the two methods. Second,

notice that CE will observe significant reductions in the 90% contour area by ⇠ 3

orders of magnitude from the current test with O1. Third, observe that multi-band GW

observations will further improve the consistency test by a factor of 7� 10 compared to

single-band measurements with CE alone. Such an improvement in the size of posterior

probability distributions for multi-band GW observations can e↵ectively allow one to

discriminate non-GR e↵ects that might not be visible when observing with ground- or

space-based detectors alone. The fact that all multi-band choices show similar results

suggest that the error is mostly dominated by the merger-ringdown measurement from

CE.
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agree within 10%, demonstrating good agreement between the two methods. Second,

notice that CE will observe significant reductions in the 90% contour area by ⇠ 3

orders of magnitude from the current test with O1. Third, observe that multi-band GW

observations will further improve the consistency test by a factor of 7� 10 compared to

single-band measurements with CE alone. Such an improvement in the size of posterior

probability distributions for multi-band GW observations can e↵ectively allow one to

discriminate non-GR e↵ects that might not be visible when observing with ground- or

space-based detectors alone. The fact that all multi-band choices show similar results

suggest that the error is mostly dominated by the merger-ringdown measurement from

CE.
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Figure 1. Sensitivities
p

Sn(f) of various gravitational-wave interferometers. Also
shown is the characteristic amplitude 2

p
f |h̃(f)| for GW150914 with 4 years prior

to merger displayed as a cyan star. Observe how the early inspiral portion of the
coalescence is observed by space-based detectors, while the late inspiral and merger-
ringdown are observed by the ground-based detectors.

SNR can be computed to be 3000, 9, 11, 600, and 15000 (as described in the following

section) for CE, LISA, TianQin, B-DECIGO, and DECIGO, all above the threshold

values (9 for space-based detectors in conjunction with ground-based observations), and

therefore observable by the detectors considered in this analysis. Such multi-band GW

observations will improve measurement accuracy of binary parameters such as masses

and sky positions [35, 36, 37, 34]. Multi-band GW astronomy is also possible for more

massive binary BHs [38, 34] and binary neutron stars [39].

In this letter, we study the impact of multi-band GW astronomy on tests of GR.

Such a question was first addressed in [40] for a specific type of non-GR modifications

due to radiation of a scalar field using aLIGO+LISA. We here extend this by considering

(i) parameterized tests of GR following [41, 11] (see [37] for a brief work related to this),

(ii) various space-borne GW detector combinations with CE and (iii) applications to

parity-violating gravity. We also investigate consistency tests of the inspiral and merger-

ringdown parts of the waveform [42, 43, 10, 14] with multi-band GW observations. Both

types of tests have been performed on the observed GW events by the LIGO and Virgo

Collaborations (LVC) [10, 14].

Parameterized tests of GR.— Let us begin by considering modifications to GR

which violate various fundamental pillars of Einstein’s theory. While one strives to be

agnostic towards the list of modified theories of gravity available, a generic formalism

of categorizing and constraining them is necessary. We here consider the parameterized

post-Einsteinian (ppE) formalism [41], which expands the GR gravitational waveform

to allow for non-GR variations in the inspiral portion of the waveform phase in the

Estimate the mass and spin of the remnant BH from 
the inspiral and the QNM ring down.

Can lead to constraints on Hawking’s area theorem, 
energy loss into non-GR/environmental effects.
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Single image (weeak lensing) 

or multiplie images separated

by a time delay (strong lensing). 


Waveforms unaffected, except for a magnification. 

Single diffracted image (microlensing).  

Waveforms distorted. 

Geomtric optics regime
λGW ≪ GMlens/c2

Wave optics regime
λGW ∼ GMlens/c2
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FIG. 6. Amplification factor of a gSIS for di↵erent values of the slope k, for a fixed value of the impact parameter y = 0.3
(in the strong-lensing regime). The WO curves are obtained with the numerical method of Sec. A 2 and are shown with solid
lines. The GO result is shown in dashed lines (on the left-hand side GO is shown only for one curve). On the right-hand side,
the plots are in linear scale. Here, the envelope of the WO (GO) |F (w)| is shown as thick solid (dashed) line. Top: case k < 1
where three images form within the caustic and give additional modulations in w (see right panel). Bottom: case k � 1 where
only two images form. In this case, no large modulations appear, and the curves quickly approach the GO approximation.

ically.
a. Broad profiles 0 < k < 1. We consider the spe-

cific case k = 1/2, where analytic solutions for the image
positions exist. Although significantly broader than the
SIS, this case has the same qualitative features found for
all the models with 0 < k < 1. The geometric-optics
results for k = 1/2 are plotted in Fig. 4. Let us discuss
this case in more detail. The lens equation Eq. (20) is
solved for6

xL =
1

2

⇣
1 + 2y +

p
1 + 4y

⌘
, (38)

xH = �
1

2

⇣
1 � 2y �

p
1 � 4y

⌘
, (39)

xS = �
1

2

⇣
1 � 2y +

p
1 � 4y

⌘
, (40)

6 Here, with an abuse of notation, we consider xI as the image
position along the direction of y. Thus, it di↵ers from the radial
position x as it can also take negative signs.

where, xL, xH and xS are respectively the minimum,
maximum and saddle points of the Fermat potential.
The maximum and the saddle merge at the caustic of
Eq. (35), i.e. at yrc = 1/4, or xrc = 1/4, and for larger im-
pact parameters only the minimum image remains. The
magnification, time delays and beyond geometric optics
corrections can all be easily derived from these solutions
in closed form. For instance, the magnification for the
image xI is obtained by plugging the solutions Eq. (40)
inside Eq. (36).

As already noted for general k, the central image xH

has a vanishing magnification for y = 0. In the case at
hand moreover, its magnification remains small relative
to the others, unless we are very close to the caustic.
However, its beyond geometric optic correction � is much
larger than for the other two images. This can be seen by
computing � from Eq. (37). Clearly, the central image
has an enhanced value of � because of the term in the
denominator ⇠ x

3/2
I

. As in the case of µ, we also have
a divergence at the caustic. We will come back to this
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where f (y1,y2) is the joint distribution on y1 and y2. Let us
now apply the ratio distribution to compute fDM, with u ⌘
⇤`/⇤, y1 ⌘ ⇤, y2 ⌘ ⇤`, and

f (y1,y2) ⌘ p(⇤,⇤`|d) = p(⇤`|d,⇤) p(⇤|d) (10)

Note that the term "data" is used ubiquitously, though depend-
ing on the posterior in question, may represent different prop-
erties of the triggers. Thus,

p(u | d) = ⇥(umax - u)
Z 1

0

⇤ exp(-u⇤)p(⇤ | d)
1 - exp(-umax⇤)

d⇤. (11)

Figure 5 shows the posterior distributions of ⇤, ⇤` and u ob-
tained from the the first two observation runs of LIGO and
Virgo.

3. NOTES

- we are neglecting the clustering of MACHOs.
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[Tambalo et al 2212.11960]

Wave optics: Deformed signals Geometric optics: Multiple signal copies 

Frequency dependent magnification 
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Probing halo substructure: nature of DM 

X

DM substructure can 
create waveoptics effects 

in the low-frequency 
part of the GW

High-frequency 
part is oblivious to 
the substructure. 

Only ‘sees’ the 
galaxy as a whole. 

NFW halo overpredicts the rotation speed in the inner few
kiloparsecs (kpc), by a factor of 2 or more.
Early theoretical discussions of the cusp-core problem devoted

considerable attention to the predicted central slope of the
density profiles and to the effects of finite numerical resolution
and cosmological parameter choices on the simulation pre-
dictions [a recent state-of-the-art discussion is provided by
Ludlow et al. (14)]. However, the details of the inner profile
shape are not essential to the conflict; the basic problem is that
CDM predicts too much dark matter in the central few kpc of
typical galaxies, and the tension is evident at scales where vcðrÞ
has risen to ∼ 1=2 of its asymptotic value (e.g., refs. 15, 16). On
the observational side, the most severe discrepancies between

predicted and observed rotation curves arise for fairly small
galaxies, and early discussions focused on whether beam
smearing or noncircular motions could artificially suppress the
measured vcðrÞ at small radii. However, despite uncertainties in
individual cases, improvements in the observations, sample sizes,
and modeling have led to a clear overall picture: A majority of
galaxy rotation curves are better fit with cored dark matter
profiles than with NFW-like dark matter profiles, and some well-
observed galaxies cannot be fit with NFW-like profiles, even
when one allows halo concentrations at the low end of the the-
oretically predicted distribution and accounts for uncertainties in
modeling the baryon component (e.g., ref. 13). Resolving the
cusp-core problem therefore requires modifying the halo profiles

baryons

Cusp + baryons

Core + baryons

Fig. 1. Cusp-core problem. (Left) Optical image of the galaxy F568-3 (Inset, from the Sloan Digital Sky Survey) is superposed on the dark matter distribution
from the “Via Lactea” cosmological simulation of a Milky Way-mass CDM halo (12). In the simulation image, intensity encodes the square of the dark matter
density, which is proportional to the annihilation rate and highlights the low-mass substructure. (Right) Measured rotation curve of F568-3 (points) compared
with model fits assuming a cored dark matter halo (blue solid curve) or a cuspy dark matter halo with a Navarro–Frenk–White (NFW; 8) profile (red dashed
curve, concentration c= 9:2, V200 = 110  km · s−1). The dotted green curve shows the contribution of baryons (stars + gas) to the rotation curve, which is in-
cluded in both model fits. An NFW halo profile overpredicts the rotation speed in the inner few kpc. Note that the rotation curve is measured over roughly the
scale of the 40-kiloparsec (kpc) image (Inset, Left).

Fig. 2. Missing satellite and too big to fail problems. (Left) Projected dark matter distribution (600 kpc on a side) of a simulated, 1012M⊙ CDM halo (18). As in
Fig. 1, the numerous small subhalos far exceed the number of known Milky Way satellites. Circles mark the nine most massive subhalos. (Right) Spatial
distribution of the classical satellites of the Milky Way. The central densities of the subhalos (Left) are too high to host the dwarf satellites (Right), predicting
stellar velocity dispersions higher than observed. (Right) Diameter of the outer sphere is 300 kpc; relative to the simulation prediction (and to the Andromeda
galaxy), the Milky Way’s satellite system is unusually centrally concentrated (19).

12250 | www.pnas.org/cgi/doi/10.1073/pnas.1308716112 Weinberg et al.
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CDM simulations predict a larger number of sub-halos than 
observed in Milky Way. Could suggest a problem with CDM

[Weinberg et al, PNAS, 2015]

[Related work: Tambalo et al 2212.11960]



Summary 

• Deci-Hz GW observations have great synergies with observations in other frequency bands. 
Exmaples include: 


‣ Understanding the formation and evolution of SMBHs


‣ Early warning of ground-based GW detectors 


‣ Source localisation, identification of EM counterparts ⟹ cosmography 


‣ Parameter estimation, population inference and tests of GR 


‣ Lensing in wave optics and geometric optics ⟹ cosmology and dark matter. 


