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Redshift surveys provide a description of the Large Scale Structure of the Universe 

Large observational campaigns (such 
as SDSS, BOSS, DESI, Euclid, …) aim 
to unveil the Dark Universe:


• Dark energy


• Dark matter


• Beyond LCDM (Inflation, General 
Relativity, Neutrinos, …)

Redshift survey
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Baryonic acoustic oscillations

How to extract cosmological information from redshift surveys?

Baryonic acoustic oscillations 
after decoupling act as a 
standard ruler during the 
expansion history… 

…like an expanding  
wave with an 

associated frequencyCredits: Institute for Computational Cosmology of Durham
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When converting redshifts to physical distances, neglecting the effect of 
peculiar velocities gives raise to a distortion of clustering signal along the line of 
sight introducing observational anisotropies…

Redshift space distortions

How to extract cosmological information from redshift surveys?

…degrading the quality of extraction of 
information from the BAO peak, but adding extra 
information depending on the growth factor of 
cosmic structures!

Credits: Institute for Computational Cosmology of Durham
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Redshift space distortions

How to extract cosmological information from redshift surveys?

Template fitting: Alcock-Paczynski 
parameters (BAO) + growth factor (RSD)


Full-shape: direct sampling of the 
posterior distribution of cosmological 
parameters by fitting the shape 
dependance on cosmological parameters 
themselves

Credits: Institute for Computational Cosmology of Durham
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Correlation functions - Two-Point Correlation Function (2PCF) or Power spectrum

ξ(r) =
DD − 2DR + RR

RR

Probability of finding pairs of galaxies at a given r with respect to a 
random distribution: dP = n2[1 + ξ(r)]dV1dV2

2PCF estimator:
Landy & Szalay (1993)

For a Gaussian Random Field, two-point statistics are enough to 
completely describe the distribution… 

… but this is far from the large scale 
structure of the universe!

Peebles (1993) ξ(r) =
DD
RR

− 1
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Sefusatti & Scoccimarro, 2005

Higher-order correlation functions

GaussianNon Gaussian

Same 2-point statistics

The difference is encoded in higher-orders!

Slices of thickness 50 Mpc/h of a mock galaxy distributions for SDSS (left) and a realisation of a 
Rayleigh-Lèvy flight (right)

Non-Gaussianity: 

• Nonlinear gravitational 
evolution 


• Nonlinear relation between 
luminous tracers and dark 
matter perturbation (galaxy 
biasing)


• Primordial Non-Gaussianity
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Correlation function - Three-Point Correlation Function (3PCF) or Bispectrum

dP = n3[1 + ξ(r12) + ξ(r13) + ξ(r23) + ζ(r12, r13, r23)]dV1dV2dV3

Probability of finding triplets of galaxies at a given triangle with 
respect to a random distribution:

ζ(r12, r13, r23) =
DDD − 3DDR + 3DRR − RRR

RRR

ζℓ(r12, r13) =
DDDℓ − 3DDRℓ + 3DRRℓ − RRRℓ

RRR0

ζ(r12, r13, r23) =
ℓmax

∑
0

ζℓ(r12, r13)ℒ( ̂r12 ⋅ ̂r13)

3PCF estimator:
Szapudi & Szalay (1998)

Spherical Harmonic Decomposition:
Slepian & Eisenstein (2015, 2017)
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Correlation function - 3PCF or Bispectrum

Probability of finding triplets of galaxies at a given triangle with 
respect to a random distribution:

Configuration space Fourier space 

Estimator: 

• Now feasible thanks to 
Spherical Harmonic 
Decomposition  


• Survey footprint: just random 
distribution needed 


Modelling (2PCF + 3PCF): 

• Template fitting (BAO, BAO + 
RSD), computational intensive! 


• No full-shape yet! Gap with 
Fourier space

Estimator: 

• Survey footprint requires 
window function to model mode 
coupling 


Modelling (P + B): 

• Accessible modeling: template 
fitting and full-shape (tree-level 
B) 

dP = n3[1 + ξ(r12) + ξ(r13) + ξ(r23) + ζ(r12, r13, r23)]dV1dV2dV3
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Recap

• Extraction of cosmological information from redshift survey


• Probes: BAO, RSD


• Methods: Template fitting, Full-shape

• Higher-order: important as they add constraining power, configuration space data better 
deal with systematics due to the footprint, but both modelling and measuring have a high 
computational cost 
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3PCF multipoles 
(isotropic or anisotropic) 

How modelling the 3PCF?
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Linear Power Spectrum

3PCF multipoles 
(isotropic or anisotropic)

How modelling the 3PCF?
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Linear Power Spectrum
Bispectrum multipoles 
(isotropic or anisotropic), 
template fitting 

3PCF multipoles 
(isotropic or anisotropic),

Perturbation Theory, 
Multipoles decomposition 

2D-FFTLog 
(2D Bessel 
Transform)

How modelling the 3PCF?

(BAO + RSD)
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Bispectrum multipoles 
(isotropic or anisotropic), 
template fitting 

3PCF multipoles 
(isotropic or anisotropic), 

2D-FFTLog 
(2D Bessel 
Transform)

How modelling the 3PCF?

Some related works: 

Umeh et al, 2020 
Veropalumbo et al, 2022 
Guidi et al, 2023                
Farina et al, 2024              
Pugno et al, 2024

(BAO + RSD)
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(2023) Reaching the small-scale regime

A squeezed isosceles triangle BAO configuration 
in the small-scale regime:

One-loop (red and green) and tree-level 3PCF matter models 
compared with measurements from the DEMNUni N-Body 

simulation
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Linear Power Spectrum
Bispectrum multipoles 
(isotropic or anisotropic), 
template fitting 

3PCF multipoles 
(isotropic or anisotropic), 
template fitting 

Perturbation Theory, 
Multipoles decomposition 

2D-FFTLog 
(2D Bessel 
Transform)

How modelling the 3PCF?

(BAO + RSD)
High computational cost
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Linear Power Spectrum
Bispectrum multipoles 
(isotropic or anisotropic), 
template fitting 

3PCF multipoles 
(isotropic or anisotropic), 
template fitting 

3PCF multipoles 
(isotropic or anisotropic), 
full-shape fitting 

Perturbation Theory, 
Multipoles decomposition 

2D-FFTLog 
(2D Bessel 
Transform)

How modelling the 3PCF?

Golden goal 
High computational cost
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Linear Power Spectrum
Bispectrum multipoles 
(isotropic or anisotropic), 
template fitting 

3PCF multipoles 
(isotropic or anisotropic), 
template fitting 

3PCF multipoles 
(isotropic or anisotropic), 
full-shape fitting 

Perturbation Theory, 
Multipoles decomposition 

2D-FFTLog 
(2D Bessel 
Transform)

How modelling the 3PCF?
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3PCF multipoles 
(isotropic or anisotropic), 
template fitting 

3PCF multipoles 
(isotropic or anisotropic), 
full-shape fitting 
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Training set!

Neural network

How modelling the 3PCF?
Euclid Collaboration: Guidi et al, 

advanced prep
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Euclid Preparation: Full-shape modelling of 2PCF and 3PCF in real space  

First higher-order full-shape analysis in 
configuration space in the literature
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Euclid Preparation: Full-shape modelling of 2PCF and 3PCF in real space  

• Four coming snapshots,  
coming volume


• Real space measurements


• 2PCF


• 3PCF: All triangle configurations, 
parametrised by , 

where  bin size


• Cumulative SNR reveals how 
important is reaching the small-
scale regime in the modeling

54 (Gpc/h)3

ηmin =
r13 − r12

Δ
Δ

Top: 2PCF measurements at different four redsfhit snapshots. Bottom: as the top panel, but for the 3PCF

Cumulative SNR as a function of the minimum scale, for the 2PCF and the 3PCF (parametrised by different choices of )ηmin
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Euclid Preparation: Full-shape modelling of 2PCF and 3PCF in real space  

First higher-order full-shape analysis in 
configuration space in the literature

• Theoretical Gaussian Covariance


• 2PCF galaxy 1-loop model, 3PCF 
galaxy tree level. Parameter set: 

 


• 2PCF + 3PCF significantly improves 
the constraining power with respect 
to only 2PCF


• Full-shape minimum scale for 
constraining cosmological parameters 
consistent with template fitting and 
methodological studies (Veropalumbo 
et al, 2022) 

{As, h, ωcdm} + {b1, b2, b𝒢2
, bΓ3

, c0}

2D Posterior distribution of cosmological parameters + linear bias from a 2PCF + Gaussian 
prior on linear bias (grey) and a joint 2PCF + 3PCF analysis as a function of different  
and  (different colors and linestyles) at z = 0.9

rmin
ηmin
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Euclid Preparation: Full-shape modelling of 2PCF and 3PCF in real space  

First higher-order full-shape analysis in 
configuration space in the literature

• Theoretical Gaussian Covariance


• 2PCF galaxy 1-loop model, 3PCF 
galaxy tree level. Parameter set: 

 


• Bias relations help in constraining 
 and  

• Full-shape minimum scale for 
constraining cosmological parameters 
consistent with template fitting and 
methodological studies (Veropalumbo 
et al, 2022) 

{As, h, ωcdm} + {b1, b2, b𝒢2
, bΓ3

, c0}

As b1

2D Posterior distribution of cosmological parameters + galaxy bias parameters 
from a joint 2PCF + 3PCF analysis as a function of different relations between 
bias parameters (different colors)
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Conclusions

• 3PCF as a powerful statistical tool combined with 2PCF, important to constrain physics responsible to non-
Gaussianity in the density field


• Unlocked first full-shape 2PCF + 3PCF in real space in a simulated dataset. It maximise the extraction of 
cosmological information in a configuration space higher-order analysis and fills the gap with Fourier space 
modelling (power spectrum + bispectrum)


• Just the beginning, research line unfolding in many directions, some of them: 


• Exploring the full-shape information content of the redshift space (isotropic and anisotropic) 3PCF 
(Nagainis, Guidi, Moresco et al, in prep)             see Kristers’ talk!


• First analysis in redshift space with real data (BOSS, Guidi et al, in prep) + application to Stage IV 
upcoming datasets  (using of MElCorr code, see Alfonso’s talk!)


• Addressing beyond LCDM cosmologies, and the information content of the full-shape 3PCF. Role of 
massive neutrinos current ongoing (Labate, Guidi, et al in prep)  see Michele’s talk!


• Higher-order correlation function will be fundament to maximise the extraction of cosmological 
information 
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Appendix: Full-shape modelling of 2PCF and 3PCF in real space  

2D Posterior distribution of cosmological parameters + linear bias from a 2PCF + Gaussian prior on linear bias (grey) and a joint 2PCF + 3PCF analysis as a function of different  and  
(different colors and linestyles). Different panels show different redsfhit snapshots

rmin ηmin
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Appendix: Emulator Validation 

Normalised histogram of the ratio between the difference between emulated and exact modelling 2PCF (left), 3PCF (right) predictions and the corresponding 
uncertainty
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