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Dynamical wormholes in Robinson–Trautman class

The thin-shell wormhole
cutting and gluing spacetimes
distributional source induced on the gluing hypersurface
well-defined throat due to the process of creation

The bridge-type wormhole
does not contain distributional source
throat can be localized using techniques similar to quasilocal
horizons
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Vacuum Robinson–Trautman (RT) metric (beginning of ’60)

Twistfree, shearfree and diverging null geodesic congruence

ds2 = −2H du2 − 2 du dr +
r2

P2 (dy2 + dx2),

where 2H = ∆( lnP)− 2r( lnP),u − 2m/r
and ∆ ≡ P2(∂xx + ∂yy )

Gaussian curvature of x , y spaces K = ∆ lnP(u, x , y)

Minima of K constrain the position of horizon from above
EFE ⇒ Parabolic PDE

∆∆(lnP) + 12m(lnP),u = 0

constrains asymptotic behavior
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Wormhole setup

gluing together two identical copies of RT spacetime (its
external part) along timelike hypersurface r = f (u)

ensuring the wormhole throat is above the horizon
computing extrinsic curvature on the throat to derive the
induced energy momentum tensor
interpreting the matter induced on the throat and investigating
energy conditions
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Induced metric on the throat

hab = gab − nanb

na is normal to the hypersurface

na = (−af,u, a, 0, 0)

and a = (2H + 2f,u)−1/2

Extrinsic Curvature

Kab = hcah
d
b∇cnd

and its nonzero components are

{Kττ ,Kτx = Kxτ ,Kτy = Kyτ ,Kxx = Kyy}
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Surface EMT
According to Darmois–Israel formalism EMT Sµν induced on the
throat hypersurface is

8πSµ ν = tr [K]hµ ν − [Kµ ν ]

Interpretation: two dust streams Tµν =
∑2

i=1 ρiviµviν

normalization of velocities: v τi viτ + v xi vix + v yi viy = −1
matching Sµν with Tµν

This leads to constraint on fluid EMT components

(Tτx)2 + (Tτy )2 = TττTxx
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Some Results
1 The constraint on EMT translates into the following condition

for the function f

(Kτx)2 + (Kτy )2 = 2Kxx(Kττ −
P2

f 2 Kxx)

Especially effective for asymptotic values of f
2 The energy densities for two streams with arbitrary directions

ρ1 = −4P2Kxx

f 2

[
(v2

2τ − 1)− β2(2 v2
2τ − 1)

v2
2τ − 1

]
ρ2 = −4P2 β2

f 2
Kxx

v2
2τ − 1

their sign is completely determined by the sign of Kxx .
Bounds on horizon position ⇒ both densities are negative
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Asymptotic Analysis
Using

Asymptotic behavior of vacuum RT spacetime
(exponential decay of nonsphericity)
Result 1 (constraint on the throat position)

wormhole asymptotically (u →∞) approaches the Schwarzschild
one with the throat approaching r = 2m from above
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Higher dimensions

Generalization of RT (Podolský & Ortaggio 2006)

ds2 = −2H du2 − 2 dudr +
r2

P2 γij dx
idx j

with

2H =
R

(D − 2)(D − 3)
− 2 r(lnP),u −

2Λ

(D − 2)(D − 1)
r2 − µ(u)

rD−3

Transversal spaces are Einstein and R their curvature scalar.

In higher dimensions compact Einstein spaces with R ≤ 0 exist

⇓

Wormholes with positive energy density can be constructed
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Partial Conclusion
the wormhole is dynamical and has no symmetries
good candidate for stability analysis:

1 asymptotically goes to Schwarzschild-type wormhole
2 transition to spherical symmetry by GW emission

indistinguishable from BH version of RT spacetime

it is possible to generalize the solutions to higher dimensions
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RT solution with minimally coupled imaginary scalar field

RT metric sourced by a purely imaginary scalar field becomes

ds2 = −
[

(lnU),u r +
K (x , y)

U

]
du2 − 2 du dr

+

(
U r2 +

C 2
0
U

)
(dx2 + dy2)

P(x , y)2

with C0 = const., K = ∆ lnP

R(u, r) =

√
U(u)2r2 + C 2

0
U(u)

, U(u) = γe
− α2

4 C20
u2+ηu

Scalar field

ϕ(u, r) =
1√
2

ln

{
U(u)r − i C0

U(u)r + i C0

}
=

i√
2

arg

(
U r − i C0

U r + i C0

)
The stress energy tensor ∼ (∇ϕ)2 ⇒ violates all energy conditions.
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Curvature scalars

RicciSc =
2C 2

0 U (U,ur − k)

(U2r2 + C 2
0 )2

Kretschmann = 3(RicciSc)2

no divergence ⇒ curvature singularities are absent
r = 0 is neither a curvature singularity nor a coordinate one
we can continue to negative r

Expansion

Θ∂r =
2U2r

U2r2 + C 2
0

the expansion of congruence ∂r changes sign at r = 0
on the surface r = 0, u = const (which has a nonzero area) we
have both Θ∂r = 0 and ∂rΘ∂r > 0 ⇒ genuine wormhole throat
satisfying the flare-out condition (Visser & Hochberg)

12 / 15



Dynamical wormholes in Robinson–Trautman class Bridge-type wormhole

13 / 15



Dynamical wormholes in Robinson–Trautman class Bridge-type wormhole

Asymptotics

The asymptotic form of the metric as u → ±∞

ds2 ∼ −
[
K (x , y)

U

]
du2 − 2 du dr +

(
C 2

0
U P2

)
(dx2 + dy2)

The two-dimensional metric (for x , y) independent of r ⇒ Θ∂r = 0

⇓

The wormhole has genuine Robinson-Trautman behavior for finite
times but asymptotically transforms into a Kundt geometry

The asymptotic geometry is characterized by nonzero Ψ0 and Φ00

⇓

Kundt-type gravitational and scalar waves near u = ±∞.
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THANK YOU
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